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(1) (20%) Let p be a prime number of the form ilk + 3. 
(a)	 Prove that either 

( p ; 1} 1(mod p) or ( p ; 1} =-1 (mod p) 

(b) The product of all the positive even integers less than p is congruent 
modulo p to either 1 or -1. 

(2) (20%) Let	 Hand K be normal subgroups of a finite group G. Suppose that 
G/ H::: K. 
(a) Give an example to show that G / K need not be isomorphic to H. 
(b)	 Prove that if H is simple, then G / K ::: H. 

(3) (20%) Let R= Z[2x,2x 2 ,2x3 , ... ] C Z[x]. 
(a)	 Find a prime ideal m which is minimal over the ideal (2). 
(b) Find a chain of prime ideals (0) = Po ~ PI ~ ... ~ Pr = m such that the 

length T is maximal. .~~ 

(4) (10%)	 Let R be a commutative ring, I be an ideal in Rand M a finitely 
generated R-module. Suppose that 1M = M, prove that (1 + a)M = 0 for 
some a E I. 

(5)	 (20%) 
(a)	 Find a Galois extension E over Q such that Gal(E/Q) is cyclic of order 

16. 
(b)	 Find a Galois extension E over Q such that Gal(E/Q) is cyclic of order 

8. 

(6) (10%)	 Let V = ~[x] be the real vector space of polynomials. Define the inner 
product 

(f,g) = l' Jgdx. 

Let D be the differentiation. Prove that the adjoint D* of D (i.e. (D!, g) = 
(f, D* g)) does not exist. 
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