Suppose that we observe Y; = 8By + 51 X1 + -+ B Xip + &4, i = 1, -+, n. Here
B = (Bo, B1, -+, Bx)" isavector of constant parameters, X = (311 voe s z) T, with

zi = (1, Xi1, -+, Xix)T, is a constant design matrix, and & = (&1, -+ ,&5)" isa vector of

independent random variables with zero mean. Assume that X is of full rank. The least squares estimate

of /3, denoted as 5’ is the solution to

n
mgn Z (Yi— Bo+ B X+ +13k,Xik)2-
i—1

-~

Let f’z(f’l,-n ,f’ﬂ)T=X,§and e= (e, - ,e) =Y =Y,

(1)
Suppose that Var (g;) =02, i=1,--- ,n.
(a)
(7 points) Show that YTY = YTY + e’e.
(b)
(7 points) Show that Var (Y;) <Var(Y;), i =1,---,n.
(c)
(6 points) Find a unbiased estimate of o? based on e.
)
Suppose that £; ~ Normal (0,02), it=1,---,n.
(@ )
(10 points) Find the maximum likelihood estimates of 3 and o? and denote them as A3 and
a2
(b)

(10 points) Find the distributions of ﬁ and &2



(©)

(10 points) Find the likelihood ratio test of Hy : o? = 03 versus H : o? # 03, where

2 . . -
O, 1saqgiven positive constant.

(d)
(10 points) Find the likelihood ratio test of Hy : B = 0 versus Hy : B # 0.
©)
Let H = (hjj) = X(XTX)™"' X" Let {3 be the least squares estimate of /3 obtained
after deleting the #th observation. Let f’,(z) = :B‘TB(,-) where 7" isthe #th row of X .
(a)
(7 points) Showthat ) < hy; < 1 forall 2 =1,---,n.
(b)
(7 points) Show that By = 8 — (X7 X) ™ 'zie;/ (1 — hy;)-
(©) o
(6 points) Show that Y; — Y;(i) = hjiei/(1 — hy;).
(4)

Suppose that Var (&;) = ¢?0?, @ = 1, -+ -, n. The weighted least squares estimate of {3,

denoted as BWLS, is the solution to

n
mﬂin ZC.-_?'(Y; —Bo+Bi X+ + ﬁkXik)2 -
=1

(a)
(10 points) Show that both B and Bw Ls are unbiased for 3.

(b)
(10 points) Show that Var (a” By rs) <Var (a” 3) forany (k + 1)-vector a.
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