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All random variables considered here are given on a probability space (§2, F, P).

1. (25 pts) Let X;, X, ... be i.i.d. with F(X;) = 0 and E|X;1]P < oo where
l<p<2. IfSn=X1+X2+---+Xn,then8n/n1/”—>0a.s.

2. (20 pts) Let X, X, ... be i.i.d. with X; > 0, E(X;) = 1, and var(X;) =
o2 € (0,00). Determine the distribution of /S, — y/n as n — oo where
S, =Xi1+Xo+- -+ X,.

3. (30 pts) Suppose we start out at time 2 with one black ball and one white ball in
an urn. Then at each time we draw a ball at random from the urn, and replace
it together with a new ball of the same color. Let X,, denote the number of
white balls at time n. Write M,, = X,,/n which is the fraction of white balls
at time n.

(a) Determine F(M,1|X2,). Here X3 , denote the portion X», X3,..., X,
of the process from time 2 up to time 7.

Xn+1 ) 1 [ Xn ( Xn)]
(n + 1| % n+1 (Xn+1) n + n
= X,/n= M,.

(b) Show that as the time n — oo, the fraction M,, approaches a limit with
probability 1.

(c) What is the distribution of this limiting fraction?
4. (25 pts) Let Y7, Y5, . .. be nonnegative i.i.d. random variables with £Y,, = 1
and P(Y,, =1) < L
(a) Show that X, = [Im<n Yin, defines a martingale.
(b) Show X,, — 0 a.s.
(c) Show that (1/n)log X,, — ¢ < 0.



