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1.(20 pts) (a) Let X,,, Y;, be two sequences of r.v.'s defined on a probability space (Q, F, P).
it 3, P{Xn # Y.} < oo, then prove that + 7% | (X; — Y;) converges almost surely.

(b) Under the condition of (a), prove that ﬁ Z}':l XJ» converges or diverges in the same way
as ﬁ Z}':l YJ pt 2.(20 pts) (a)Let X,, be a sequence of independent and identically
distributed r.v.'s which are positive and not identically zero a.s. Regard X,, as lifespan of
certain object undergoing a process of renewals. Given a time instant %, let N(t) denote the
number of renewals up to and including the time £. Let S,, = Z}':l XJ-. Express the event
{N(t) =n}interms of S,.

(b) Use SLLN of S,, to give the limit limy—, o0 ﬂtﬂ pt 3.(20 pts) Let X have the normal

distribution N(O, l). Find the distribution function, probability density function and

characteristic function of X 2. pt 4.(20 pts) Define a double array of r.v.'s as follows. For each
n > 1 let there be k, independentr.v.'s X,,;,1 <) < ky,,, where k, = 00 as n — 00.

Assume that EX,; = O,Z;;l 0?(X,;) =1, and that Z;;l E|X,;? = 0as n — o0,

kn

Let S, = i1 Xyj» Use characteristic functions to show roughtly that S, converges in

distribution to N(0,1). pt 5.(20 pts) Let X, be a sequence of r.v.'s and F}, be an increasing
sequence of sub-sigma algebras of F'. Assume that each X,, is measurable with respect to
F,, . (@) What is meant by optional r.v.(stopping time) for a positive integer valued r.v. & ?
What is meant by the optional(stopped) r.v. X, ? What is meant by the optional(stopped)
sigma algebra F,, generated by « ?

(b) Let a, 8 be two bounded optional r.v.'s such that & < . Prove that if X,,, F,, is a

martingale, then sois X,, Xg, F,,, Fj.
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