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There are many problems here. Do at least three problems to show you have enough
background. Also try to answer the question as deeper as possible to show your depth.

1. State and prove the weak and strong versions of the maximal principle for the Laplace equation
on a bounded domain in R". Give an application of the maximal principle.

2. State and prove the Poincaré inequality for bounded domain. Find an application?

3. Construct an entropy solution for the equation
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How about the same question for the equation: u, + (u®/3); = 07

with initial data

4. (a) Consider Au =0 in a ball |z| < 1 in R™ with boundary condition g% =gon|z|=11Is
it true the solution always exists? (Prove if it exists, or give the counterexample, or find
the condition to guarantee the existence.)

(b) Consider the Poisson equation Au = f with Robin boundary condition du/dv + au =0
on a bounded domain 2. Under what condition the solution is unique (a natural sufficient
condition)? Prove your argument.

5. Construct the fundamental solution of wave equation in R* and R?,

6. Consider u; + f(u)z = uzz- Show that for any convex function n(u) > 0, the integral
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is non-increasing in time. Use this to show that [u(-,¢)||.» is non-decreasing in time.



