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There are five problems in this exam (2 pages). Please answer each prob-
lem and explain your arguments as much detail as possible.

1. (a)(10%) Let € be an open subset in R™ with simooth boundary. Assuie
that a(x) = (ai;(v))} ;2 € L*(Q) is a positive-definite matrix. Cousider the
boundary value problen:

{Z:l, y O (0ijOpu) =0 In Q, ()
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w 11619 f € H'2(0Q). Prove that (1) exists one and only one solution u €
(). (Hint: Lax-Milgram Theorem)
(b)(10%) Let F : Q@ — Q be a diffeomorphism with y = F(x). Then

'FL(y) (uo F~Y(y ) is the solution of

2:1121 dgl(ﬁua,,][z) =0 1in Q,
'ﬁl(')sz =/,

where f = f o F~ !y, Write down explicitly the new wmatrix @ = (a;).

2.(a)(10%) Show that in R3
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is the fundainental solution of the operator —A + 1.

(b)(10%) Without using the explicit form of the fundamental solution,
prove that any derivative of the fundamental solution of —A + & in R? with
k> 0 decays faster than any polynowmial order as |x] — oco.

3.(15%) Consider the Schrodinger equation:

1 du  Q*u

POt Ot
Show that if «(t,0) = 0 for allt € [a. J] with 0 < o < 3 < 1, then u(t, ) =0
in [, 4] x [0, 00).

in () €(0,1) x (0,0¢).



4. Define the heat equation:
w—Au=0, te(0,0), reR"

(a}(10%) Let ¢(x) be a bounded continuous function in R". Show that

1 ' b _yi?
lL(JIf,f) = W/P ¢ n (,")("lj)(l"{/

satisfies the heat equation and the initial condition

lim w(w,t) = ¢p(x) for any @ € R".

t—0+

Furthermore, if ¢ > 0 and |[¢]| 1 (rr) < o0 then
”“('\t)”L‘(IR") = ||¢HL1(R~)-
(b)(10%) Let w be as in (a). Show that for p > 0, the relation

(s Ml orny = |l Lo e

holds for any pair of ¢ and « only when p = 1.
(¢)(10%) Let u be as in (a) with [[¢]| .1mny < oc. Show that lim,_ o w(x, t) =
0 uniformly in R™,
5.(a)(5%) Consider the wave equation in (¢,2) € R x R*:
Ofu — *Au=0.

Given an initial point P = (0,x). Describe the domains of influence of P.

(1L)(10%) Consider the one-dimensional wave equation with boundary
condition:
Fu—APu=0 i t>00>0

and

w(t, 0) = 0.

Given P = (tg,xg) with tg > 0, g > 0. Determine the domain of dependence
of P.

(Note: in both (a) and (b) ¢ is a positive constaut.)
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