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1. (40 pts) Let v : R* — R be a nonconstant harmonic function, where
n > 2. Answer the following questions:

(i) Must the function u be bounded? (10 pts)
(IT) Must the function u be smooth? (10 pts)

Assume u(0) = 0. Define a function N by

rfBT |Vu|*dx

N(r) = v 0

where B, = {z € R" : |z| < r} is the standard ball with radius r and
center at the origin. Besides, 0B, = {z € R" : |z| = r}. Answer the
following questions:

(iii) Must the function N be monotone increasing? (10 pts)

(iv) Must the limit lirgl+ N(r) exist? (10 pts)

Prove or disprove all your answers.

2. (30 pts) Choose one of the following equations which may NOT have
regularity theorem:

(A) heat equation
(B) wave equation

(C) Burgers’ equation without viscosity.
Prove or disprove your answer.

3. (30 pts) Consider two minimization problems given by
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(I) Minimize Efu] = [5, |[Vul* +u?* —u* for v € H'(R?)
I1) Minimize F[u] = [, |Vv|* +v* for v € H}(Q) and [, v? =1,
0 0 Q

where ) is a bounded smooth domain in R?. Can the associated mini-
mizer exist for problem (I) and (II)? Prove or disprove all your answers.



