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June 4, 2004

(@) Please state the Cauchy-Kovalevskaya theorem. (b) Solve the equation

z?u, — uuy = 2°,u(z,0) = 2°.

Let u(:r, t) be a solution of the two-dimensional wave equation with initial data vanishing outside a
circle, show that u(z,, t) = O(t™") for fixed z, and sup, u(z,t) = O(t"7) as t — oo. (Hint;
use the formula

u(z, 0) 0 u(z, 0)

u(x,,,t)=/ o 21d1?+§ poy
lz—zo|<et 2c[c?®t? — |z — zo|?]2 lz—zo|<et 2me[ct? — |z — zo|?]2

Let u(z,t) satisfy
Uy = Uge + fu), z € [0,1],¢ > 0u(0,t) = u(1,t) =0

(a)
If f(u)= —u,showthat u — 0as ¢t —= oo.

(b)
Assume that each solution of the ODE w;(¢) = f(v(t)) tendsto 0 as £ — oo. Prove that

uw—0Dast— no.

Let €2 be a bounded smooth domain in R™ and # be a Cz(!_]) solution of
Au—u=0 inQu=g on oM.

(€))
Show that

[IVu@P + @ ds < [ [190@)P +v(a)?] da



for all C'%(£2) function ¥ with boundary value g.

(b)
Let Iy(z) = |Vu(z)]® + w(z)? and {z : |z — y| < r} C Q. Prove that

n—1

where wy,T is the surface area of the sphere |.-r — y| =7r.
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