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Do as many problems as you could.

A. (a) Please state the Holmgren theorem.
(b) Please state Fritz John's Global Holmgren theorem.

(c) Use (b) to find the maximum region in which u vanishes, where u solves the lateral
Cauchy problem

Zu—2Pu=0 inR{z >0}
u(t,0) =u,(t,0)=0 0<t<T.

Here ¢ and T" are positive constants.

B. Let 2 be an open bounded domain in IR* with smooth boundary. Use the Lax-Milgram
theorem to show that there exists a unique weak solution u € H(£2) to

n
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ij=
for f € (Hg(2))*, the dual space of H(f2), where a;;(z) € L*°(2) for all %, and there

exists a constant § > 0 such that for all z € £2 and any vector £ = (&, ,&,)
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C. (a) Verify that G¢(z) = (47t) ™% exp(—|z|*/(4t)) for t > 0 is the fundamental solution

of the heat operator L. = g, — A, i.e.,

LG, =0 for zeR*",t>0
lirnt_,m» Gt(l') = 50(.73).



(b) Consider the initial value problem for the heat equation

Ou—Au=0 for zeR"t>0
u(z,0) = f(z).

Assume that f(z) € L'(IR*) and is non-negative. Then show that u(z,t) is also

non-negative for all £ > () and

"“(‘: t)”Ll(Rn) = ||f||L1(gn) Vit>0.

D. Let u(z,t) be the solution of
u—Au=0 nR*xR
u(z,0) =0, w(z,0)=f(z) Vze€ Ra:

where f(:r) IS a non-negative smooth function with compact support. Show that if

u(zq,t) = 0 for some z4 and for all £, then u = 0.

E. Find u(z,t) solving

Uy — g, =0 in0<z<oo, teR
u(0,t) + auy(0,¢) =0
w(z,0) =0, w(z,0)=V

where V', a, and ¢ are positive constants with @ > ¢.
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