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There are problems Ato D. You have to do all the problems in A, and one of the problem B,C
and D.

A.
Solve the following PDE problems explicitly. You can express the solution in
closed form, or in series form, or in integral form, etc..
(@)
Find the general solution of yu,, + (z + Y) gy + Ty, = 0 in the plane domain
defined by z # y.
(b)
Solve the Cauchy problem
{u, =tz —2u for z€R,t>0u(z,0)= f(z),
where f(z) is a bounded integrable continuous function on R..
(c)
Fine a global weak solution of
1, 2.
zu¢+§(u Je—zu, =0 for 0<z<a,t>0,
u(z,0)=0 for 0<z<a, and wufa,t)=a for t>0,
where a is a positive constant.
B.

Let U ={(z,9)| 2?+y* <1},U1 ={(z,9)[2* +¥* < 1,2 > 0}, and
Uy = {(z,y)|z* +y* < 1,z < 0}. A function

u € C(U)NCYHUL)NCHU) NC*HUy) N CYUy) satisfies
Au+ Ay(z,y)uz + Bi(z,y)uy, =0 inUy,

Au+ Ax(z,y)uz + Ba(z,y)uy, =0 inUs,



kluz(0+: y) = kZ‘uz(U_: y)?

where A;(z,y) and B;(z,y)(i = 1,2) are continuous bounded functions in
U;. k; are positive constants. Prove that if u > 0 on 22 + 3% =1, then

u(z,y) >0in U.
Let U be abounded domain in R® with C* boundary.Denote the exterior unit
normal to @U by v. Consider the wave equation

uy = Au for (z,y) € U x (0,00),

ou
Ta_v +ou=0 on QU x (0,00).

where ¢, T' and o are positive constants.

(@)

Prove that there exists some costants p such that the total energy
pa, T 2 g 9
Etzf— —|Dul*|dz f—udS
()= | [5u + 51Dufldz + [ =

is constant in Z.
(b)
Define Eqg(t) = [i,(z,y)%dz. Prove the energy estimates

Ba(t) < 26(0) + 2 (0,

Eo(t) < eE(0) + ;E(O)(e‘ _ 1),

Let U be the unit ball in R™. P* is a point in @U. Suppose that
u € C(U — {P"*}) is harmonic and bounded in U , and u =0 on 8U — {P*},

prove that # =0 in U. If u is unbounded in U, must the conclusion be true ?
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