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1. (20 points) Suppose that we want to use the linear multistep method (LMM) of the form
UM — 5UHZ 44U — U = At(Bo f(U™) + B f(U™HY))
to find numerical approximation of the following initial value problem:
u'(t) = f(u), u(to) = uo, t > to,

where f € IR is a prescribed Lipschitz continuous function in © over some domain, U™ is the
approximate solution of u at time t,, and At is the time step.

(a) For what values of 8y and 3, is local truncation error O((At)?)?

(b) Suppose you use the values of 8y and 8, just determined in this LMM. Is this a convergent
method?

2. (20 points) Consider the following method for solving the heat equation u; = uz; with suitable initial
and boundary datas over some domain:
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Here U}" is the approximate solution of u at the spatial location z; and time ¢,, At and Az are the
temporal and spatial discretization sizes, respectively.

(2) Determine the order of accuracy of this method (in both space and time).

(b) Suppose we take At = a(Az)? for some fixed & > 0 and refine the grid. For what values of o
(if any) will this method be Lax-Richtmyer stable and hence convergent?

3. (35 points) Consider the method

alAt
Uptt =up - Az U7~ U+ uptt - U (1)

for the advection equation u + au; = 0 on 0 < z < 1 with initial condition u(z,ts) = wuo(z)
and periodic boundary conditions. Here as before U represents the approximate solution of u at
the spatial location z; and time tn, At and Ax are the temporal and spatial discretization sizes,
respectively.

(2) Suppose that we view this method as the trapezoidal method applied to an ODE system
U'(t) = AU (t) arising from a method of lines discretization of the advection equation. What
is the matrix A?

(b) Suppose we want to fix the Courant number v = aAt/Ax as At, Az — 0. For what range of
v will the method be stable if a > 0? If a < 0?

(c) Suppose we use the same method (1) for the initial-boundary value problem with u(0,t) = go(t)
specified. Since the method has a one-sided stencil, no numerical boundary condition is needed
at the right boundary. For what range of v = aAt/Ax will the CFL condition be satisfied in
this case? What are the eigenvalues of the A matrix for this case and when will the method
be stable?

4. (25 points) Devise a consistent and stable finite difference method to solve the biharmonic equa-
tion V4u = f over a rectangular domain D in two space dimensions with the Dirichlet boundary
condition ulgp = g. Here f and g are some prescribed functions.



