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(20%) 1. Recall that a family F of subset of a set X is intersecting if AN B # 0
whenever A, B € F. A family F of subsets of X is called regular if every element in
X lies in a constant number r of elements of 7. We use [n] to denote’{1,2,...,n} .

(a) Prove that an intersecting family F of subsets of [n] satisfies |[F| < 2*~1.

(b) If n is not a power of 2, construct a regular intersecting family of subsets of
[n], having size 2"~1, '

(c) if n = 2,4 or 8, show that there is no such family.

(20%) 2. Let A and B be two m by n matrices with entries in {0,1}. An exchange
operation substitutes a sub-matrix of the form (‘1’ é) for a sub-matrix of the form
(é El’) or vice versa. Prove that if A and B have the same list of row sums and have
the same list of column sums, then A can be transformed into B by a sequence of

exchange operations.

(20%) 3. Recall that a doubly stochastic matrix is a non-negative real matrix in
which every row and every column sums to 1. Let P be the set of all n by n doubly
stochastic matrices. Prove that P is a polytope, and determine all its extremal points.

(20%) 4. Prove that every n-vertex simple graph G with no r + 1-clique has at most
(r — 1)n%/(2r) edges. Use this fact to prove that if G has m edges then w(G) >
[n?/(n? — 2m)].

(20%) 5. Suppose R(p, q) denotes the standard Ramsey number. Prove that for p > 2
and ¢ > 2 we have R(p,q) < R(p—1,9)+ R(p,q—1). If R(p — 1,q) and R(p,q — 1)
are both even, prove that R(p,q) < R(p—1,q9) + R(p,qg—1) - L.




