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(20%) 1. (a) Show that for an arbitrary sequence (ay, as, .. .,an) of pairwise distinct
real numbers there exist indices 71,%,...,%;, where 1 <143 < i3 < ... < 7 < n and

k = [n!/?], such that either a;, < a;, < ... < a;, or a;; > a;, > ... > a;. Show that
the bound is not improvable in general, that is, there exists an n-element sequence
containing no increasing or decreasing subsequence with more than | n!/%] terms.

(b) Now, consider two sequences (a1, as, ..., an) and (b1, bs,...,b,) of pairwise
distinct numbers. Show that indices 41,%3,...,0k, 1 <11 < iz < ... < i, < n, always
exist with k& = [n}/4] such that the subsequences determined by them in both a and
b are increasing or decreasing. Show that the bound is not improvable in general.

(20%) 2. For n > 1, let a, be the number of spanning trees of the graph formed from
P, by adding a vertex adjacent to all vertices of V(FB,). For example, a; = 1,a3 =3
and a3 = 8. Determine a,, in term of n.

(20%) 3. Suppose G is a bipartite graph whose vertex set is partitioned into A and
B such that every edge of G has one vertex in A and the other in B. Suppose G has
a matching of size A.

(a) Suppose S and T are subsets of A such that [N(S)| = |S| and [N(T)| = [T
prove that |[N(SNT)| =|SNT|.

(b) Prove that A has some vertex v such that every edge incident to v belongs

to some maximum matching.

(20%) 4. A cactus is a connected graph in which every block is an edge or a cycle.
Determine the maximum (resp. minimum) number M (resp. m) of edges in a simple
n-vertex cactus. Prove that for any k& with m < k < M, there is always a simple

n-vertex cactus of k edges.

(20%) 5. Recall that an interval graph is a graph each of whose vertex corresponds
to an interval in the real line such that two distinct vertices are adjacent if and only
if their corresponding intervals intersect. Prove that G = (V, E) is an interval graph
if and only V has an ordering vi,vs,...,v, such that ¢ < j < k and v, € E imply
v;ur € E. Also, prove that interval graphs are perfect.



