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1.
(20 %) Solve the following recurrence relations.
(a)

, , .

(b)

, .

2.
Suppose  is a family of subsets of  such that  and  for any

two distinct . Prove that . Moreover, prove that if equality holds,

then  consists of all subsets of  of size , or all subsets of size 

(these are the same if  is even).
3.

(20 %) (a) Prove that every nontrivial tree has at least two maximal independent sets, with
equality only for stars. (Note: maximal  maximum.) (b) Let  be a tree in which all

vertices adjacent to leaves have degree at least three. Prove that  has some pair of leaves
with a common neighbors.

4.
(20 %) A dominating set in a graph  is a subset  of  such that every vertex

in  is adjacent to some one vertex in . The domination number  of a graph 

is the minimum size of a dominating set in . A dominating set is independent if every two
distinct vertices in it are not adjacent.
(a)

Prove that if the diameter of  is at least , then .

(b)
Prove that every claw-free graph, that is  contains no  as an induced subgraph, has

an independent dominating set of size .

5.



(20 %) (a) Prove that a graph  is chordal if and only if  has an ordering

 such that , ,  imply  (b) Prove

that chordal graphs are perfect.
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