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(1) What is (Lebesgue) dominated convergence theorem (DCT)? (5 pts)
(2) What is Fatou’s Lemma (FL)? (5 pts)

(3) Is it possible to prove (FL) by (DCT)? Prove your answer (16 pts).
(4) Is it possible to prove (DCT) by (FL)? Prove your answer (10 pts).

2. (30 pts) Let E be a measurable set with finite Lebesgue measure. For p > 1,
define

1 . 1/p
N,[f] = (W]L [f|p) . VfeL'(E).

Can N,[f] < Ny[f] for p < q? (10 pts) Can N,[f + g] < Np[f] + Nyg] for
fig € LP(E)? (10 pts) What is the limit limpeo Np[f] =? (10 pts) Prove or
disprove all your answers.

(20 pts)

(1) Can L*(R™) C L'(R"),¥n > 17 (5 pts) Prove your answer.

(2) Let  be a bounded smooth domain in R*,n > 2. Let {fx: £ =1,2,3,--}
be a bounded sequence in L?(2). Can the sequence {fi} have a convergent
subsequence in L'(Q)? Prove or disprove your answer.(15 pts)

(20 pts) Let {f,}°2, be a sequence of functions in L?(€) such that as n — oo, f,

n=

converges to 0 in L?(Q) weakly, to 0 in L*?(Q) strongly, where Q is a bounded
domain in R?. Can f, converge to 0 strongly in L%(2)? Prove or disprove your

answer.



