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Determine which of the following functions is in L'(E).

:z:“sinl z € E =(0,1]; il (z,y) € E=(0,1] x (0,1]
.’L', = Y% 1(1‘2+y2)2’ Y = Y% ’

where « is a positive constant. Then give an example of a bounded continuous function

f:(0,00) 2R suchthat lim, ,.f(z) =0, but f ¢ L7((0,00)) forany
p>0.

Denote 1 = [0,1]. Let 12 = I x I C R? be the closed unit square.

f=f(z,y): I*? >R

is a function defined on I2.

(@)
If f(z,y) is continuous in z for each fixed ¥ € I', and f(z,y) is continuous in
y for each fixed z € I, must f be continuous in 122 Must f € L'(I?)?
(b)
If f(z,y) is continuous almost everywhere, and bounded in I?, prove that the
following two Lebesgue iterated integrals are equal:
/ / f(z,y)dydz = / [ f(z,y)dzdy.
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If f(z,y) is Lebesgue measurable in z for all fixed y € I, and f(z,y) is

continuous
in 4 for almost all fixed = € I, prove that f is Lebesgue measurable in 2.

Moreover, must the conclusion be true if we only assume that f(z, y) is Lebesgue



measurable with respect to each variable separately?

Let f € LP(R") and g € L?(RR™) where p and ¢ are positive constants with
1,1

»to=1

Prove that convolution f % g exists, and is continuous in IR™, and lim

laloof * g(z) = 0.

Prove aslo that f # g is uniformly continuous in R™.

Let 7 = (@, b) be an open intervalin R. f, : T — R(n =1,2,3,---) is a sequence
of differentiable functions such that lim, || fa = fl|lzs = 0 forsome f : I = R,

and f,(z) is Cauchyin L3(I). Prove that f is absolutely continuous in 7, and its

derivative f* € L3(I). Moreover, prove that f € L3(I) (" L>(I).
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