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Choose 4 from the following 6 problems.

1.
(a)
(12) Let f be positive and measurable. Show that
1 11 1, 1 3
dz < ([ zdo)i([ f'da
f) fdz < (J a0 ([ f
(b)
(13) Let f be differentiable and %f < (). Show that
1 1 1
f zf(z)dz < / :rdx/ f(z)dz
0 0 0
2.
Let fx(z) = [pa ﬁ Wd‘y and ¢ = [pa Wdy
(a)
(12) Show that li:n inf fi(z) > |—°| for z # 0.
—00
(b)
(13) Show that lim sup fy(z) < ¢ for 2 # 0.
k—o00
3.
(a)
(13) Assume f is Lipschitz on [0,1], i.e. 3L > 0 such that
| f(z)— f(y)|<L|z—y| and f(0) =0.Let g(z) = 0. Let
g(z) = x‘%f(x)- Show that ¢'(z) = %g(x) exists a.e. on [0,1],
v g'(t)dt = g(z) and g(z) is absolutely continuous on [0,1].
(b)

(12) Find a Lipschitz function f(z) on [0,1] with f(0) = 0 such that z™" f(z) is

not absolutely continuous on [0,1].



Let m(E) denote the Lebesgue measure of E C R"™. { fi} is said to converge in

measure on E to f if for every £ > (),
lim m({z € E: | fi(z) - f(z) |>€}) =0.
k—00

Assume fi,k=1,2,---, and f are measurable and finite on F.

(a)
(12) Show that if m(E) < oo and fx — f a.e.on E, then fy — f in measure

on K.
(b)

(13) If fx — f in measure on E, show that there is a subsequence fkj such that

fx; = faeon E.

Let L?[0,1] denote the real L? space on [0,1] with inner product (f.g} = [ fg dz.
Let {#x}5°, be an orthonormal system in L%[0,1]. Define ¢x(f) = fy fox da for

f e L2[0,1].
(@)
13) showthat 3 | cx(f) [* < [I£I13

(b)

00
(12) Let {a,C }2":1 be a sequence with kz_jl aﬁ < 00. Show that there is a

g € L?[0,1] such that ax = ¢x(g)-

Let m denote the two dimensional Lebesgue measure.
(a)

(12) Let f be a continuous function on [0,1] and

G(f) = {(z, f(z)) € R?: 0 < z < 1}. Show that m(G(f)) = 0.

(b)

(13) Let {x =¢(t)

y=9(t)’
C={(z,y) € R?: 2 = ¢(t),y = ¥(t),0 < t < 1}. For a partition

< t < 1 be a continuous curve in R? and

F={0=1t <t <--- <ty =1}, define



(r) = fl{w(t.-) — Bti))? + () — Bt )P

Show that if suppl(I") < oo, then m(C) = 0.
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