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There are problems A to D with a total of 100 points. Please write down your proof or
computational steps clearly on the answer sheets.

A

Let I be an interval in the real line. f,(n =1,2,3,---) is a sequence of real-valued

functions defined on I. f is also defined on 1.

(@)

(c)

Define the following terminologies (using € — ¢ definition in (1) and (2)). Each has
4 points.
(l)f}Ln;o fn = f pointwise in I;  (2). lim f, = f uniformly in I;

n—00

(3). fn is uniformly bounded in 7.

Determine which of the following statements is true or false. If true, prove it.
Otherwise, give a counterexample. Each has 6 points.

(1)

Suppose lim,,_, o, f, = f uniformly in I, and f is continuous in 1. Then

fn is also continuous in I for all n large enough.

(2)

Let lim,,_,o fn = f uniformly in . Suppose z, € I is a sequence such

that lim,,_,o Z, = @ with @ € 1. Then lim,,_, fu(z,) = f(a).

lim, 00 fu = f uniformly in 1 iff lim, o (fu(z,) — f(z,)) = 0 for all
sequence z,, of numbersin I.

(4)
Let lim,,_,o fn = f uniformlyin 7. Then f is bounded in I iff there exists

an integer N such that { f,| n > N} is uniformly bounded.

(14 points) Assume that lim,,_, ., f, = f pointwise in the bounded interval I.

Suppose that each f,, is continuously differentable such that [} | f4(z)|*dz is a



bounded sequence. Prove that f,, is uniformly bounded, and lim,,_, f, = f

uniformly in 1.

Define f(z) = f5° ﬂl—:{”’—ﬁldt for real z variable. Find the domain of f. Show that

f is twice differentiable in its domain. Find the value of f. (15 points)

Let I be an oriented closed curve in the plane without passing through points (—1,0)

and (1,0). Compute the line integral

/ 2(z? — y? — 1)dy — dzydx
r (22492 —1)+4y?

Prove your answer. (15 points)

Let f(z,y) be a continuously differentiable function defined in the disc
D ={(z,y)| «* +y* <1}. f(0,0)=0and |f(z,y)| <1in D.
(@)

(12 points) Prove that there exists a unique continuous function z = ¢(z,y)
defined on D such that |¢(z, y)| < 1and 2* + z(2% + ¥*) = f(z,y) on D.
Moreover, show that ¢(z, %) is continuously differentiable in 1) except possibly at

(0,0).

(8 points) When f(z,y) = (2% 4+ y*)?, prove that ¢ is continuously differentiable

at (0,0). However, when f(z,y) = (z* +4?)*/*, ¢ is not differentiable at (0,0)
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