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Show that n'? — n is divisible by 2730 for any integer 7.

Let 7" be a linear transformation on a finite dimensional vector space over k. Show that
for any irreducible polynomial f(¢) € k[t] , if f(T') is not onto, then f(¢) divides the

characteristic polynomial of 7.

Let A be an n X n matrix over a field k& with n > 1, and adj A be the adjoint of A.

(@)
If A is invertible, prove that adj(adj(A4)) = (det(A))"2A.

(b)

Does the statement in (a) hold for singular matrix A ?

Let p be aprime and (Z/(p™))* be the multiplicative group of the ring Z /(p"). That is,
(Z/(p"))* ={a:1<a < p" and a is relative prime to p}.

(a)
Let p be an odd prime and n > 2. Show that 1 4 p is a generator of the cyclic

Sylow- p group of (Z/(p"))*.

(b)
Determine the group structures of (Z/(8))* and (Z/(16))* ?

Let k[[z]] = {ao + @12 + a22® + az2® + -+ - + apz, + -+ - : @; € k} be the ring of

formal power series over the field k.

@

Find all units (invertible elements) in k[[z]].
(b)

Classify all ideals in k[[z]].
(c)

Classify all maximal ideals in k[[z]].



(d)
Classify all prime ideals in k[[z]].

Let F' be afield , and K a finite extension of F'. Let a be algebraic over K . Show that
()
[K(a): K] < [F(a) : F].

(b)
[K(a): F(a)] < [K : F).
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