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1. (15 pts) Solve the following equations.
dy _
(a) dr :
r x—y
dy
b) ey L ev =0,
(b) zy o e 0

2.
3 2
Let A = ( 16 )
(a) (15 pts) Find eAt.
(b) (10 pts) Solve the system x'(t) = Ax(t) + ( (1) ) , x(0) = < _01 )

(c) (10 pts) Let S be an n x n matrix with real-valued entries. Assume S® = S and 0 < a < 1.
Show that I,,«, — aS is invertible and

(Inxn — aS) ™' = Lixn + pS + ¢S? with some p, ¢ € R.

3. Let P be the vector space of all polynomials with real coefficients,

Q={fe€P:f(0)=f(1)=0},and Qs ={f € Q : degree of f < 5}.
Suppose that

T(f) = 2*f"(x)+ Tof'(x) + 8f (),
U= {f€Qs:3g € Qs such that T'(g) = f},

V= {fEQ:/Olf(x)T(g(x))dx:()for all g € Q}.

(a) (10 pts) Find the dimension of U.
(b) (20 pts) Determine V' and find its dimension.

4. Assume that v and v satisfy the equations
t+1

u'(t) = OES t2u(t), u(O).: 1,
iy BtEL o
V'(t) = 2011 t“v(t), v(0)=1.

(a) (10 pts) Show that u(t) > 0 for ¢t > 0.
(b) (10 pts) Show that v(t) > wu(t) for t > 0



