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1. (30%) 

Let ¢: JR.n ~JR. be a smooth and non-constant function. Assume that the third 

derivatives of ¢ are nonzero functions. Consider the initial-value problem 

{ 

dx ( t) = - Y' rp (X. ( t)), t > 0, 
dt 

x(O) = X0 E JR.\ 
(1) 

and the solution is denoted as x(t; x0 ) E JR.n for t > 0. Answer the following 

questions: 

A. Uniqueness of (1) holds true? Why? (5%) 

B. Suppose V ¢(y) = 0 for some y E JR.n . 

Is y an equilibrium of (1)? Why? (5%) 

C. Find a condition of ¢such that y is asymptotically stable. Justify your 

answer. (10%) 

D. Suppose ¢is strictly convex. Is it possible that (1) has a nontrivial periodic 

solution? Justify your answer. (10%) 

2. (20%) 

Let A be the set of maps f: JR.--+ lR which are solutions to the differential 

equation f"' + f"- 2/ = 0. Prove that A is a vector space and find its 

dimensions. 

3. (20%) 

Let E be the n x n matrix with all entries 1. 

A. Is E diagonalizable? (5%) 

B. Find the characteristic polynomial of E. (15%) 

4. (20%) 

Let A= (
1 2

). 
1 -1 

Express £ 1 as a polynomial in A with real coefficients. 

5. (10%) 

Find real valued functions of a real variable, x(t), y(t), z(t),such that 

x' = y, y' = z, z' = y 

and x(0)=1, y(0)=2, z(0)=3. 


