EERERABLHLH L 10 2 PFEAEL YRR
B D BFES 2020.10. 23

1. Suppose that f(x) is differentiable on an open interval I.

(a) (10 pts) Show that if f'(a) # f'(b) for some a,b € I, then for any m between f(a)
and f'(b) there is some ¢ between a and b such that f/(c) = m.

(b) (10 pts) Show that if f/(z) is not continuous at z = a € I then at least one of the
one-sided limits lim,_,,+ f'(2z) and lim,_,,- f'(z) does not exist.

2. Suppose that f is a C? function defined on R.

(a) (5 pts) Show that for any a,b € R there is some ¢ between a and b such that
£6) = 1(@) = 'a)(b - a) = LD~ a2,

(b) (10 pts) Show that there is some number ¢ € [n — %, n + 3] such that
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where n is any integer. If f”(z) is decreasing, show that

f’(n-l—g)—f (7’?+ )<f”() f (n—%)—f’(n—g).

(c) (10 pts) Using the result of (b), give an upper bound and a lower bound for 37, &
and approximate » >, <5 to within 0.001.

3. f is a continuous function.
(a) (10 pts) Show that
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(b) (10 pts) Derive a similar formula for / / . / f(t) dtdz, dxy_1 - - - dzy, n > 3.
Jo Jo 0

4. (10 pts) Let f(z,y,2),91(%,y, 2), and go(x,y, z) be C* functions. Suppose that Vg, (z, y, 2)
and \:/"gg(.r, y, z) are lincarly independent. Consider the problem of maximizing f(z,v, z)
subject to the constraints gi(z,y,2) = a; and gs(z.y,2) = ay, where a;,ay are con-
stants. Let (z(ay,as),y(a1,as), z(a1,a3)) be the point where the maximum value is ob-
tained with corresponding Lagrange n1u1t1p11ers ,u,l(al as), 2(ay, as) which means that at
(z(a1,az),y(a1,a2), 2(a1, az)), Vf ;LlVglJrungz Suppose that z(a1, as), y(ai, ay), and

z(a1, ay) are differentiable functions of a;, as. Compute
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5_.][‘(3:(0‘11 a’2): y(a’l, 012), Z((Ll, a’?))'l g = 1? 2.
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Write your answers in terms of p (a1, as) and pa(as, ag).
5. (a) (15 pts) Find the average value of f(z,y, 2) = 22 — y® + 322 on the sphere
Sr = {(z,y,2)|(x — 1) + y* + 2% = r2} where r > 0 is a constant.

(b) (10 pts) Suppose that u(z,y, z) is harmonic on an open region D which contains a
ball By(r) = {& ||# — d@| < r}. Find the average value of u on the sphere Dalr) =
{Z1Z—al =r).



