1B R BE AT 1005 # B AL FTINE R
FLB AR A
2015.10. 23

(1) (20 pts)

(a) (8 pts) Evaluate the four-dimensional volume of the unit ball z2 + y2 + 22 +
v? = 1in R

(b) (12 pts) Evaluate

L oottt

Here Q(z,y,2z) = 22 + ¢ + 2° + zy + y2.
{(2) (20 pts) Use the fact that there is a real number e with the property that

0<n! (B_ZFIF) <_:I

r=0

for all integers n > 1. Assuming only this property of e, prove that e is irrational.
Hint: Assume on the contrary that e = p/q; choose a suitable value for n and deduce that
there would be an integer & such that 0 < & < 1.

(3) (20 pts) Consider the seris 3> sin (;%).

{a) (14 pts) Show that the series converges for every z.

(b) (6 pts) Provide an argument that the sum is a continuous function on {—co, 00).
(4) (20 pts) Let 5;; be non-negative numbers, 1 < j, k < oc. Suppose that
D s =1 forallj
k=1

and
1111'1 Sk = 0 forall k.
jro0

Let {x,} be a convergent sequence of real numbers. Define

o0
Y; = E Sjk.'rk.
k=1

Prove that the sequence {y;} converges and

lim y; = Him .
4o k—roo

(5) (20%) Consider a sequence a1, -,an, -+ Witha; = 1 and a,41 = 1+ 1/an,.

(5a) (5%) Assume that lim,,_, , a, exists and determine its limit 7.
(5b) (10%) Prove that |az,, — 7| < 77F.
(5¢) (5%) Prove (from the definition) that a, — 7 as n — oo,




