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1. (5%)(10%) Let X1, · · · , Xn be a random sample from a finite population
{X(1), · · · , X(N)}. Show that E[X̄] = µ and E[N−1

N
S2] = σ2, where

X̄ = 1
n

∑
i=1 nXi, µ = 1

N

∑N
i=1 X(i), S2 = 1

n−1

∑n
i=1(Xi − X̄)2, and

σ2 = 1
N

∑N
i=1(X

(i) − µ)2.

2. (10%)(10%) Consider the hierarchical model Xn|Wn = ωn ∼ N(0, ωn +
(1 − ωn)σ2

n), Wn ∼ Bernoulli(pn). Show that Xn → N(0, 1) and
V ar(Xn) →∞ as pn → 1, σn →∞ and (1− pn)σn →∞.

3. Let X1, · · · , Xn be a random sample from Exponential(1) and Z ∼
N(0, 1).

(3a) (10%) Show that limn→∞ P (
√

n(X̄n − 1) ≤ z) = P (Z ≤ z) for all
z ∈ R, where X̄n = 1

n

∑n
i=1 Xi.

(3b) (10%) From (3b), show that
√

n
Γ(n)

(z
√

n + n)n−1 exp(−z
√

n− n) ≈
1√
2π

exp(−z2/2).

4. (7%)(8%) Let X1, · · · , Xn be a random sample from Poisson(λ), and let
X̄ =

∑n
i=1 Xi and S2 = 1

n−1

∑n
i=1(Xi − X̄)2. Show that E[S2|X̄] = X̄

and V ar(S2) > V ar(X̄).

5. Let X1, · · · , Xn be a random sample from a one parameter exponential
family f(x|θ) = exp(θh(x)−H(θ)g(x)), where H ′(θ) = h(θ) and h′(θ) >
0.

(5a) (2%)(3%) Show that E[h(X)|θ] = h(θ) and V ar(h(X)|θ) = h′(θ).

(5b) (10%) Find the uniformly most powerful level α test of H0 : θ ≤ θ0

versus HA : θ > θ0.
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6. (10%) Consider the multiple regression models Yi = β0 + β1Xi1 + · · ·+
βpXip + εi and Yi − Ȳ = β∗0 + β∗1(Xi1 − X̄1) + · · · + β∗p(Xip − X̄p) + ε∗i
with Ȳ = 1

n

∑n
i=1 Yi, X̄j = 1

n

∑n
i=1 Xij, i = 1, · · · , n, j = 1, · · · , p. Here,

both εi’s and ε∗i ’s are assumed to be uncorrelated with εi ∼ (0, σ2) and
ε∗i ∼ (0, σ∗2). Show that the least squares estimators (β̂1, · · · , β̂p) of

(β1, · · · , βp) are same with the least squares estimators (β̂∗1 , · · · , β̂∗p) of
(β∗1 , · · · , β∗p).
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