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You should include in your answer every piece of computation and every piece
of reasoning so that the corresponding partial credit could be gained.

(1) (20 %) Let V be the real vector space of all functions from R to R.
(a) For any integer n, define f,(z} = cos(z + n). Find the dimension of the
subspace of V' generated by {f.(z): n € Z}.

(b) For any integer n, define g,(z) = €™*. Find the dimension of the subspace
of V generated by {gn(z) : n € Z}.

(2) (25 %) Let V be a finite dimensional vector space and V* be its dual space.
For any subspace W, let W = {f € V*: f(w) =0 for all w € W}.
(a) Show that (Wi NWan - NWE)? = WP+ W + - + WP

(b) Let fi,fay-- s frsg € V* Show that M¥_; ker f C ker g if and only if ¢
is a linear combination of fi, fa,..., f&.

(3) (25 %) Let T be a linear transformation in a finite dimensional vector space
V over K. The spectrum of T is Sp(T) := {A € K : AI — T is singular}.
(a) If T is invertible, show that A € Sp(T') if and only if A~ € Sp(7"~1).
{b) Let K be algebraically closed. Show that, for any polynomial p(z) € K[z],

p(Sp(T)) = Sp(p(T)).

(4} {15 %) Let V be an inner product space and 7" be a linear transformation in
V. Show that there exists M > 0 such that ||T2|| < M||v|| for all v € V,

(5) (15 %) Show that the following matrices in M,(Z/(p)), p a prime, are similar:

0 1 6 -~ 0 11 0 -~ 0 0
0 0 1 -~ 0 6 1 1 - 0 O
o 0o -~ 0 1 o o 0 -~ 1 1
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