Linear Algebra

1. Are the following statements true or false? If true, give a proof. If false, give a
counterexample.

a. If V and W are vector spaces, then V NW is a vector space.
b. If V and W are vector spaces, then V U W is a vector space.
c. The only n x n matrix that is both diagonalizable and nilpotent is the zero matrix.
d. If A and B are both nilpotent n x n matrices, then AB is a nilpotent n X n matrix.

2. Let V be a finite-dimensional vector space over C. Let T': V' — V be a linear map.
Suppose that W C V is a T-invariant subspace, i.e. T'(W) C W.

3. Let A be an invertible n x n matrix and let N be a nilpotent n X n matrix. Suppose
that AN = NA. Prove that A — N is invertible.

4. Let V be a finite-dimensional real vector space equipped with an inner product (-, -).
Let v1,- -, v, be a set of non-zero vectors in V' such that (v;,v;) <0, for all 7 # j.

a. Suppose that vy, -, v, are linearly dependent. Prove that there exists a non-trivial
linear combination E?Zl Niv; = 0, with \; > 0, for all 3.

b. Suppose there exists a linear map f : V' — R such that f(v;) > 0, for all i. Prove that
v1,- -+, 0y, are linearly independent.

5. Let V be a finite-dimensional complex vector space equipped with a Hermitian product
(-,-). Let d : V — V be a linear map satisfying d?> = 0, and let § : V — V be the adjoint
map of d with respect to (-, -).

a. Prove that dox = 0 implies that dz = 0, and ddz = 0 implies that dz = 0, for all
xeV.

b. Let A = dd + 6d. Prove that KerA = Kerd N Kerd.
c. Prove that KerA N (Imé + Imd) = 0.

d. Prove that V = KerA & <1m5 + Imd).
e. Prove that Kerd/Imd = KerA.



