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. (20 points.) Let

2 0 0 O
-1 1 0 0
A= 0 -1 0 -1
11 1 2

be a matrix over R. Find the Smith normal form of 1, — A € M (4, R[z]) and the Jordan normal
form of A.
. (20 points.) Let

3 =2 =2
A=[-2 0 1
-2 1 0

(a) Find the maximum of X’AX among all X € R3 satisfying X*X = 1. Give an example of X
that attains the maximum.
(b) Find the minimum of tr(Y*AY') among all 3 x 2 matrices Y over R satisfying Y'Y = I,.
Give an example of Y that attains the minimum.
. (20 points.) Let A be an invertible matrix over C. Prove that there is a polynomial p(x) in C|x]
such that A=1 = p(A).
. (20 points.) Let V and W be finite-dimensional vector spaces over R with (positive definite) inner
products (-, -)y and (-, -)y, respectively. Let T’ : V' — T be a linear transformation.
(a) Prove that for each w € W, there exists a unique vector in V', denoted by 7™w, such that
(Tv,w)w = (v, T*w)y for all v € V and show that 7* : W — V is a linear transformation.
(b) Verify that (Im T)* = ker T™*.
(c) Prove that dimker 7' — dimker 7" = dim V' — dim W.
. (20 points.) Let 7' : V' — V be a linear transformation on a finite-dimensional vector space over
an infinite field £'. Prove that V' is T-cyclic if and only if V' has only finitely many 7-invariant
subspaces.



