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Notation: Q is the set of rational numbers, lR is the set of real numbers and C is 
the set of complex numbers. Let n be a positive integer and In be the identity matrix 
in M 2 (Q). 

Problem 1 (20 pts). 

(a) For each x E IR, let Vx be the subspace of IR4 generated by 

(x,1,1,1), (1,x,1,1),(1,1,x,1),(1,1,1,x). 

Determine all x such that dimR Vx :s; 3. 
(b) Find the dimension and a basis for the space of ]R-linear maps L : JR5 ~ IR3 

whose kernels contain (0, 2, -3, 0, 1). 

Problem 2 (20 pts). Let 

A= (=~ : =;). 
-1 2 0 

(1) Compute the characteristic polynomial of A. 
(2) If J(x) = (x- 3) 2 + 5, find the eigenvalues of j(A). 
(3) Find an orthogonal matrix P E M3 (JR) such that p-1 AP is diagonal. 

Problem 3 (15 pts). Let A, B E Mn(IR) be invertible matrices. Show that 

(1) If ABA-1 B-1 = c ·In, then c = ±1; 
(2) If AB - BA = c · Ir" then c = 0. 

Problem 4 (10pts). Let A E Mn(IR) such that A3 =A. Show that rank A= traceA2
. 

Problem 5 (15pts). Let A E Mn(IR) such that rankA +rank (In- A)= n. Show 
that A2 =A. 

Problem 6 (20 pts). Let A E Mn(Q) with An = 0 but An-1 of 0. Show that if 
BE Mn(Q) commutes with A ( ¢::=::? BA = AB), then 

B = a1 + a2A + .. . + anAn-1 for some a1, .. . , an E Q . 


