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1.	 [20%] Let V be an n-dimensional vector space over a field. Let T : V ~ V be a linear 
map. Show that the degree of the minimal polynomial of T equals 

maxi{dim(v, T(v), T 2 (v),· .. , yn-I(v))} . 
vEV 

(Here (WI," . ,wr ) denotes the subspace spanned by WI," . ,wr .) 

2.	 [20%] Consider the real n x n matrix A = (aij) satisfying 

•	 aij ;::: 0 for all i, j, 

•	 aii = 0 for all i, and 

• I.:j=1 aij = , for all i = 1,2, ... ,n for some constant, =I O.
 

Show that
 

(a) If A E lR is a real eigenvalue of A, then -, :::; A :::; ,. 

(b) , is an eigenvalue of A and the corresponding eigenspace has dimension one. 

(c) The eigenspace corresponding to -, has dimension either zero or one. 

3.	 [20%] Let A = (aij) be a real n x n symmetric matrix. Show that A is positive definite 
(meaning: vtAv > 0 for any non-zero v E lRn where v t is the transport of v) if and only if, 
for any r = 1,2,' .. , n, we have 

4.	 [20%] Let T: V ~ W be a linear map between two finite dimensional vector spaces. Let 
V* and W* be the dual spaces of V and W, respectively. Prove that 

(a)	 T is injective if and only if the transport T* : W* ~ V* is surjective. 
• 

(b) T is surjective if and only if the transport T* : W* ~ V* is injective. 

(Recall that the transport T* is defined by (T*(f)) (v) = f(T(v)) for f E W*,v E V.) 

5.	 [20%] Let A'be a re'al n x n matrix such that At = -A (where At denotes the transport of 
A). Let A = a + bi be a complex eigenvalue of A where a, b E lR and i 2 = -1. Show that 
a = O. 
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