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(1) (20 %) Let [, be the field of p elements, V' be an n-dimensional vector space

over F,,, and let 1 < m < 7. Find the number of m-dimensional subspaces of
V.

(2) (20 %) Let V be an F-vector space with basis B = {v1,..., v}, and V* be
the space of all linear functions f : V' — F. V* has a basis B* = {f,,..., fu}
where f;(v;) = §;;.

Let ¥V and W be F-vector spaces with bases B and C, respectively. Let
T :V — W be a linear transformation and A be the matrix representation of
T in the bases B and C'. Define the linear transformation 7% : W* — V* by
T*(g)(v) = g(Tw) for ge W*,v e V.

What is the matrix representation of 7™ in the bases C* and B*?

(3) (20 %) Let A be a square matrix of dimension n over a field. Show that

(a) if rank A= n, then rank adj A = n;
(b) if rank A = n — 1, then rank adj A = 1;
(¢} if rank A < n — 1, then rank adj A = 0.

{4} (20 %) Let the matrix

r 0 0 0 ap
0 0 az 0
A= | eM(O©
O ap—1 O O
l. Gn 0 0 't

Show that A is diagonalizable if and only if for each &k = 1,2,... n, if gy = 0,
then aney_x = 0.

(5) (20 %) Let (V,(, )) be an inner product space. Let {v;,...v,} be an or-
thonormal subset of V, z € V.
(a) Show that 32, |{z, v)|” < [l2]1
(b) Let W be the subspace generated by {vy,...v, . Show that the following
statements are equivalent:
) z e W.
(i) = =3y (2, v)ur.
(iil) For any y € V, (z,y) = Yoo, ve) (v, 1)



