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(1) (10 %) Let {an}22; be a decreasing positive sequence. Assume that the series
> an diverges. Show that
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(2) (20 %) Let f(z) = (z? - 1)™.
(a) Show that, for all 1 < k < n — 1, the equation f*)(z) = 0 has roots =+1.
(b) Show that the equation f(™(z) = 0 has exactly n distinct roots in the
interval (—1,1).

(3) (20 %) Let gn(z) = (i—nn(:vz ~ 1" n>1. :

(a) Show that f_ll gm(2)gn(z)dz = — f—11 %(mz_l)mﬂ ddz"n’_l (2—1)"dz.
(b) Find [, ¢2(z)dz.
(

¢) Find [, gm(2)gn(z)dz, n # m.

(4) (10 %) Let V be the real vector space spanned by 1,¢,¢2, 3, ¢4, e, tet, t2et t3et, thel.
Let W be the subspace space spanned by 1,1,t?, e, te®,t?¢*. Let D be the de-
rivative. Find the linear map D induced by D on the quotient space V/W.

(5) (20 %) Let A = (a;(t)) be an n x n nonsingular matrix whose entries a;;(t)
are differential functions of real variable t. Let A’ = (%aq;;(t)). Show that
4 det(A) = det A - trace(A’ - A™1).

- (6) (20 %) Let A be an n x n matrix, all of whose eigenvalues are positive real

numbers. Show that for any positive integer m, there exists a real matrix B
such that B™ = A.




