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Calculus and Linear Algebra
(1) (10%) The implicit function z = z(x.y) satishes
=+t + 22— gz—yz+2x4+2y+2:-2=0.
Find the extreme values of z.
(2) (10%) Find the integral [/, gwr® +bryrey” ooy where o < 0.0 < dae.

(3) (20%) Test the convergence, .
(a) oz w1+ 1) (b) fi et
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(4) (10%) Solve the system of differential equations.

dy __ 2
{ﬁ‘ﬁ—?n—~

dz
I}

= 2y + bz

(5) (20%) Let V be an n-dimensional real inner product space.
(a) Let T be a linear operator on V. Show that there is a nontrivial T-invariant
subspace W such that dim W < 2.
(b) Let T be an orthogonal operator on V., Show that T can be expressed as

the composition of at most one reflection and at most Z rotations.

(6) (15%) Let A = (a;) € M,(C). Define [|A|l = max; ; |ai;]. Show that theve is
4 matrix B arbitrary close to A such that B has n distinct eigenvalues.

(T) (15%) Let V be the vector space of polynomials with real coefficients and
degree < n. Define the inner product (fi. f2) = [“1 fi(z)fa(z)dz. Let M =
{2" + qz" ™ + -+ apo2 +ayla; € R} ¢ V. Find the distance from the
origin to M.




