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(60)
a) Let f(z,y) be areal-valued function defined on R?. Give (sufficient) conditions of f, and f,

under which f is differentiable at xg = (g, %) € R?. State it as a theorem and prove it.

b)
. - - . . - I ‘ ‘ .

Check that whether the function g is differentiable at the origin, where g(z,y) = %i’—l if
(z,y) # (0,0), and ¢(0,0) = 0.

c)
Let H : R = R? such that H(z,y) = (2° — 22y + y, 2% + ). Find the Jacobian matrix
H'(1,1) of H at (1,1). Evaluate ||H’(1,1)||. Here for a linear transformation 7" : R* — R? its
operator norm is defined as ||7’|| = max{||7'(x)|2; |||l = 1,x € R?}, where
Ixll2 = /27 + 3?2 for x = (z,y) € R*.

d)

State the inverse function theorem regarding the system of transformations
U= p(:z:, y),v = q(:c,y). No proof is needed. Next consider solving the equations (same as given

in c))
u = 2°—2zy+vy,
v = 224y

for (z,y) given (u,v). Show that when |u|, |v — 2| are small the system has a unique solution

neara:=y=1.

24) Let Dy = {(Z1,...,zp)|27 + -+ 22 <1} and Dy = {(z1,...,2n) | 27 + -+ + 22 > 2}

Find the range of p, ¢ € R such that the following two improper integrals I (p), I2(g) converge:

dz, ---dz, dz,---dz,

Il(p)zfm./;al (1 —cos\/22 +---+22)? IQ(Q)=fm./m (a3 +---+a2)In /23 + -+ 22

(16) Let S be the set of continuously differentiable functions f(z, 3) defined on

D = {(z,y)|2? + ? < 1} and put for any such function the integral



I(f) = ff[af af)]dd

Show that if ¢ € S is twice continuously differentiable and satisfies 2-£ 62 = + g:, = () in the interior of D,

then for any # € S, vanishing on the boundary of D, one has

I(p +u) > I(yp).
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