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(1) (20 pts} Let A be the set of all functions from the open interval (0, 1)
to R, and B be the set of all continuous functions from (0,1) to R.
(a) Show that there is no one-to-one correspondence between R and A.
That is, R and A do not have the same cardinal number.

(b) Prove or disprove that there is a one-to-one correspondence between
R and B.

(2) (20 pts) Let f,(z) = n’z"Inz.
(a) Show that f,(z) — 0 as n — oo for each z € {0, 1).
(b) Determine whether or not f, converges to 0 uniformly on (0,1).

(c) Find limp o fiy fn(2) da.

(3) (20 pts) Assume that the polynomial
Px) = 7% + ayx° +azr+ag=10
has three different real roots for (as, a3, a0) = (o, g, T0)-
(a) Prove that there is € > 0 such that P(z) = 0 has three different real
roots Ay < Ay < Az if {ag,a1,a0) €V ={{p,q,7) €RI: |p —po| + |¢ —
Go| + | — ro| < €}, where A\;,7 = 1,2,3 are C! functions of as, a4, ag.
(b) Find 5.

(4) (20 pts)
(a) Assume that f(z) > 0 is a continuous function on [0,cc) and
F(z) = [ f(t)dt. Prove that

i)
| F) dz < oo
if and only if f° f(z) dz < oo

(b} Assume that a; > 0 and s = @, 4+ a3 + - - - + ax. Prove that
o ax
Z — Cconverges
k=1 Sk

if and only if }°7° | ax converges. (Hint: :—N"ii—i- et :ﬁf e e rend
(5) (20 pts) Let W be a compact subset of R* and {V,} be an open cover

of W. Prove that there is an ¢ > 0 such that for each subset E of W

having diameter less than e, there exists a V,, € {V,} containing F.




