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1. (15 pts) Let {an}∞n=1 be a sequence of positive numbers such that

1 < lim sup
n→∞

n
√

an < ∞.

(i) Can there exist {cn}∞n=1 a sequence of positive numbers such that

lim
n→∞

cn = 0 and
∞∑

n=1

ancn < ∞? Prove or disprove your answer. (5

pts)

(ii) Can there exist {dn}∞n=1 a sequence of positive numbers such that

lim
n→∞

dn = 0 and
∞∑

n=1

ancn = ∞? Prove or disprove your answer.

(10 pts)

2. (30 pts) Let f : R → R be a positive and continuous function on R such
that the improper Riemann integral

∫∞
−∞ f(x)dx exists. For n ∈ N, let

hn(x) =


1 if |x| < n

2− |x|
n

if n ≤ |x| ≤ 2n
0 if |x| > 2n

,

and set gn(x) = f(x)hn(x) for x ∈ R.

(i) Can each gn be uniformly continuous on R? (4 pts) Can f be
uniformly continuous on R? (6 pts) Prove or disprove all your
answers.

(ii) Can {gn}∞n=1 converge to f uniformly on R? Prove or disprove
your answer. (10 pts)

(iii) Can lim
n→∞

∫∞
−∞ |gn(x)− f(x)| = 0? Prove or disprove your answer.

(10 pts)
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3. (20pts)

(1) Calculate
∫ t

0
dt1

∫ t1
0

dt2
∫ t2

0
dt2 =? (4 pts)

(2) Find the general formula to∫ t

0

dt1 · · ·
∫ tn−1

0

dtn =?

for all n ∈ N. Prove your answer. (6pts)

(3) Can lim sup
t→+∞

∫ t

0
· · ·

∫ tn−1

0

∏n
j=1(

1
1+t3j

)dt1 · · · dtn exist for all n ∈ N?

Prove or disprove your answer. (10 pts)

4. (15 pts) Let f : [−π, π] → R be a smooth and periodic function with
period 2π. Suppose∣∣∣∣∫ π

−π

f ′′(x) cos(nx)dx

∣∣∣∣ ≤ 1 and

∣∣∣∣∫ π

−π

f ′′(x) sin(nx)dx

∣∣∣∣ ≤ 1,∀n ∈ N,

where f ′′ denotes the second derivative of f . For n ∈ N, let an =∫ π

−π
f(x) cos(nx)dx and bn =

∫ π

−π
f(x) sin(nx)dx. Can the series

∑∞
n=1(an+

bn) converge absolutely? (5 pts) Can the series of function
∑∞

n=1 n[an cos(nx)+
bn sin(nx)] converge uniformly on [−π, π]? (10 pts) Prove or disprove
all your answers.

5. (20 pts) Let B denote the unit ball of R3 i.e. B = {x ∈ R3 : ‖x‖ ≤ 1}.
let J = (J1, J2, J3) be a smooth vector field on R that vanishes outside
of B and satisfies divergent free i.e. ∇ · J = 0.

(1) Prove that
∫

B
J ·∇fdx = 0 for f a smooth, scalar-valued function

defined on a neighborhood of B. (10 pts)

(2) Find the value of
∫

B
J1dx and prove your answer. (10 pts)
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