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1. (15 pts) Let {a,}:2, be a sequence of positive numbers such that

1 < limsup a, < .

n—oo

(i) Can there exist {c,}°°; a sequence of positive numbers such that
o0

lim ¢, =0 and > a,c, < cc? Prove or disprove your answer. (5

n—oo

pts)

(ii) Can there exist {d,}>>; a sequence of positive numbers such that
o)

n=1

lim d, = 0 and ) a,c, = o7 Prove or disprove your answer.

n—oo

(10 pts)

n=1

2. (30 pts) Let f : R — R be a positive and continuous function on R such
that the improper Riemann integral ffooo f(x)dx exists. For n € N, let

1 if |z]<n
ho(z) =< 2B if n<jz[<2n |
0 if |z| > 2n

and set g,(z) = f(z)h,(x) for x € R.

(i) Can each g, be uniformly continuous on R? (4 pts) Can f be
uniformly continuous on R? (6 pts) Prove or disprove all your
answers.

(ii) Can {g,}52, converge to f uniformly on R? Prove or disprove
your answer. (10 pts)

(iti) Can lim [ |gn(z) — f(z)| = 07 Prove or disprove your answer.
(10 pts)



3. (20pts)

(1) Calculate fg dt, (;1 dty 52 dty =7 (4 pts)
(2) Find the general formula to

t tn—1
/ dty - - / dt, =7
0 0

for all n € N. Prove your answer. (6pts)

(3) Can htrilfgop fot . Ot"’l H?ﬂ(ﬁt]&)dtl -+ dt, exist for all n € N?

Prove or disprove your answer. (10 pts)

4. (15 pts) Let f : [-m, 7] — R be a smooth and periodic function with
period 27. Suppose

' /_ £"(x) cos(nz)dx

<1 and ‘/ f"(z)sin(nx)dz| < 1,Vn € N,

where f” denotes the second derivative of f. For n € N, let a, =
J7_f(x)cos(nz)dr and b, = [T f(x)sin(nx)dz. Can the series Y - (an+
by,) converge absolutely? (5 pts) Can the series of function Y > | nla, cos(nz)+
b, sin(nz)] converge uniformly on [—m,7|? (10 pts) Prove or disprove

all your answers.

5. (20 pts) Let B denote the unit ball of R® i.e. B ={x € R®: ||z| < 1}.
let J = (J1, J2, J3) be a smooth vector field on R that vanishes outside
of B and satisfies divergent free i.e. V- J = 0.

(1) Prove that [, J-V fdz =0 for f a smooth, scalar-valued function
defined on a neighborhood of B. (10 pts)

(2) Find the value of [, Jidz and prove your answer. (10 pts)



