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I. Let x = (21,22, x3) be coordinates of R3. Let

23 + 23 +iln (1 + 23 + 23)
f(z) = 2 2 | io2ci (Z1
ri + x5 + izzsin (T1)

f(x) =0 if zyxex3 =0,

if T1X2X3 75 0,

be a function on R3, where In is the natural logarithm, that is the
inverse function of e and i = yv/—1. Is f a continuous function on
R3? If not, find all (a,b,c) € R3 such that f(x) is not continuous at
(a,b,c). (15 pts)
II. Let x = (21,2, 3) be coordinates of R?. Let
1
r3te 3 + i sin? 2
f(z) = 2 2 | ;.3
Ty + x5 + 113
f(x) =0 if xyz0x3 =0,
be a function on R3. Is f differentiable at (0,0,0)? (10 pts)

if x1xomxs #£ 0,

In the following, we will use the following notations: let U be
an open set of R”. Let C*(U) be the space of k-times continuously
differentiable functions on U, k € NU {0}. Let C>(U) := ni.C*(U).

III. Let f(z,y) € C®(R"™ x R™), where x = (x1,...,x,) denotes the
coordinates in R, y = (y1,...,yn) denotes the coordinates in R™.
Suppose that f(0,0) = 0, a%fj(o,o) =0,j=1,...,n and the matrix
(%(0, 0)>n is invertible.

)

(a) Show that there is an open set V of 0 € R™ and a smooth
function g : V- — R", such that %(g(y),y) = 0, for every
y € V. (10 pts)

(b) Show that there are open sets €, £ of 0 € R™ in R"™ and a
smooth function H : 0 — R, such that

{(z1,...,2n, ﬁ(:c, O),...,ﬁ(x,O)); x € Q}
0%1 8£Un
OH OH
= {(8_51(5)’ ceey a_é-n(f)agla v 7€n)7 £ € Ql}
(10 pts)

IV. Let U be an open set in R™. Let f : U — R, £k = 1,2,..., be
functions on U. Let f: U — R be a function on U.
(a) Please give a precise meaning of " fi converges uniformly to f
on U as k — 400", (5 pts)
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(b) Let
flw) =k [ Ml T gy,

where |z — y|* = > e |z — yil> x = (x1,. .., 2n), y = (Y1, -, Un).
Show that there is a function f(x) : R™ — R such that for ev-
ery compact set K C R", fi converges uniformly to f on K as
k — 400. Can you find f(z)? (15 pts)

(c) Let

fulz) = k3 / ¢~ Mla—yl2 o=yl 4 iy w2, g
ly| <M
’2

where M > 0 is a constant, M < 400, |z — y|* = > =15 =y

Y

= (x1,...,2n), y = (Y1, ..,Yn). Show that fi converges uni-
formly to a function f(z) : R® — R on R™ as k — +oo. (15
pts)

V. Let U be an open set of R. Let fi : U — R be smooth function on U,
k=1,2,.... Assume that for every compact set K C U and every
m € NU {0}, there is a constant C ,,, > 0 such that

sup {|( G20 @)

dx™

for every k = 1,2,.... Suppose that limy_, 1o fx(x) = f(z), for every
x € U, where f : U — R is a function on R. Show that
(a) f(z)is a smooth function on U, i.e. f(z) € C*(U). (10 pts)
dm
(b) For every m GmN U {0}, every compact subset K C U, Wf:{“(:ﬂ)
converges to Zx—nf(a:) uniformly on K. (10 pts)
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