In the following problems, we use the following convention on the derivatives

@ _ Pu
o’ T Oxdy’

Uy = ete.

D,u, D?u denotes respectively the gradient and the Hessian of u with respect to z.

(A) Consider the Cauchy problem for the Burger’s Equation

u + (3u?), =0 for z€R,t>0
0)=f(z) for z€R

where f € C3(R) and it has non-empty compact support.

(a) Prove that the unique classical C' solution wu(x,t) exists in R x [0,7*), where
T* = —(infer f/(x)) 1.

(b) Suppose that inf,cr f'(z) is attained at a single point yo with f"”(yo) > 0. Prove
that u(z,t) can be uniquely extended to u(x, T*) which is continuous in R, C! in
R — {z0}, and lim,_,, u(z, T*) = —oo, where zo = yo + T f (o).

(c) Prove that (u(z,T*) —u(zg, T*))? ic C' in R, and that its derivative at zo has the
value —6((T*)* " (yo)) ™.

(B) Find the characteristic curves for the second-order PDE

T2 Uy — 2TYUyy — 3y2uyy = 0.

And solve this equation with the Cauchy data u(x,1) =1, u,(z,1) = .

(C) Let Q. = {(z,y) e R} =5 +e <y < 5 —c} where 0 < e < 5. Assume that

u € C?*(Q.) NC(Q.) is harmonic in Q. with u =0 on 99..

(a) For € =0, show by an example that u may not be identically 0.

(b) When ¢ > 0 and

limsup |u(z,y)|e ! =0,
(2,y)€Qe,|2[—00

prove that v = 0 in €)..
(¢) When ¢ =0, must u = 0 in . if the condition in (b) holds?



(D) Let u =u(t,z,y) € C*(R x [0,00) x xR""!) satisfy the wave equation

n—1
Uy = C* (um + Zuyij) in x>0,

J=1

and u(t,0,y) = u,(t,0,y) =0 for 0 < ¢ < T and y € R"! where T > 0 is some given
time, and ¢ > 0 is the wave speed. Apply the HOlmgren uniqueness theorem (or other
method)to prove that

T T
u=0 for (z,t) in O§x§c<§—\t—§|>.

(E) Let u = u(z,t) € C(R™ x [0,00)) have classical derivatives u;, Dyu, D*u € C(R™ x
(0,00)). Assume that for some 0 < p < 1, u satisfies

uy = Au— |[ulP~tu for x € Rt >0
lu(z,t)] < M for all (z,t)

where M is some positive constant, and use the convention that |uP~u = 0 if u = 0.
Assume that u(z,0) > 0 for all z € R.
(a) Prove that u(x,t) > 0 for all z,t.

(b) For 0 < p < 1, prove that there exists some finite time 0 < 7" < oo such that
u(z,t) =0forallt > T.

(¢) For p = 1, prove that u(x,t) > 0 for all £ > 0 and = € R. Find u(z,t) explicitly
in terms of u(z,0).



