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1.
(20 points) Solve the following Cauchy problem for u(z,):
()
(10 points) Equation (z + 2)u, + 2yu, = 2u with initial condition
U(—l, y) = \/:lx_’
(b)
(10 points) Equation z%u, — y*u, = 0 with initial condition u(1,y) = f(y).
2.

(20 points)(a) (10 points) Show that for n = 3 the general solution of the wave
equation:

n
—_ .2 E :
Uy =C uz.»z.-:
i=1

with spherical symmetry about the origin has the form:

ct —ct “
u=f(r+ )-:g(r ), r’=Y"1,
=1

with suitable f and g. Here ¢ is a positive constant. (b) (10 points) Show that the

solution of the above problem with initial data of the form:

u=0, u=d¢r)

is given by



Here ¢ is a even function of 7.

(20 points) Let « be harmonic in a domain D. Show that % has partial derivatives of all
ordersin .

(20 points) Consider the following one-dimensional diffusion equation in the semi-infinite
interval ) < z < o0:

Ut—%g;:O, -'1720: tZO

u(z,0) =0, u(0,t) =at™ it t>0,

where a is a positive constant and 7 is a non-negative constant.

@ (10 points) Assume the solution of the problem take the form:
u(z,t) = at f(£), where &= zi\/f
Show that f satisfies the conditions:
O +2%f(€)-4nf=0,£/0)=1,  f(o0) =0.
(b)

(10 points) Find the solution of the above ordinary differential equation, and hence
the solution of the original diffusion problem.

(20 points) Solve the following one-dimensional diffusion equation in the unit interval
0<z<1:

Uy — Uge = TSINT, 0<z<1, t>0

u(z,0) = z(1 - z), u(0,t) =u.(1,t) =0 if ¢>0.
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