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(20 points) Solve the following problems using characteristic methods:
(@) Uttg, + Uz, =1, u(zy,2,) =%

(b) Iy, + 2—'52“:1 =u, u(xlyxl) ( )
where g € C*(R).

(a) (10 points) Show that the function
Lg1
u(:r,t) = Wfﬁ
is a solution of the heat equation u; = 1., in R X (0,00) if and only if f satisfies the

following ordinary differential equation
' +&ef'€)+ 1€ =0  VEER (%)

(b) (10 points) Find all solution of the above ordinary differential equation (*). Hence or
otherwise find a self-simiilar solution of the heat equation in R™ x (0, 00).

(20 points) Let u € C? for |z| <a; u € COfor |z| < a; u>0, Au=0for |z| <a
. Show that for |£] < a,

n—20,
Tl (0) < u(€) < Gohu(0)

(20 points) Let £2 O R™ be a bounded domain and let G(z,y) be the Green function
for the Laplacian in Q. Thatis A,G(z,y) = —6, in Qand G(z,y) =0 forany z € 2
, Y € 0f2 where &, is the delta mass at z. Prove that

(@) G(z,y) >0 Yz, y€Q, 2 #y

b) G(z,y) =G(y,z) YV, y€Q, z #y.

(20 points) Suppose f € C(R"™) N L*(R™). Show that the function



u(z,t) = “lenﬁ Jam e~lz—v* /4| f(3))dy
satisfies the heat equation in R™ x (0, 00) and

li\l'%u(x’t) = f(z) Yz € R".
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