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We assume the given functions are all C'® if not stated in other way.

s = O? = t"‘ ’ i Stallt;
1. (5%) Solve {’U»t+cu u = u(t,z), is con
H(O, :E) = f(x)
= 01 _— t, s
2. (10%) Solve U + Uty u = u(t,z)
’U.(O, $) = h’(x)a

show that u, will become infinite in finite time £.

2 ul&,m) = F(&,m),

3. (10%) (i) Solve {
u(n,n) =0, uy(n,n) =0, forall neR

Uy — Uz = G(t,2), u = u(t,z)
(i) Use (i), solve ¢ u(0,z) =10
ue(0,z) =0,
Uy — Uz = G(t,2), u = u(t,z)
(iii) Solve ¢ u(0,z) = f(z)
u(0, z) = g(z).

Hint: use linear property.
4. (10%) Find by power series expansion with respect to y the solution of the initial-value

problem:
Uyy = Ugg + U, U = u(z,y)
u(z,0) =€®, uy(0,z) =0.

5. (10%) Let f be a scalar analytic function of z € C. Put z = z + iy with

z,y € R, f(2)=u(z,y)+ iv(z,y). [You need to choose a definition of analytic

property.]
1. Show that u,v satisfy the system of Cauchy-Riemann equations:

uz = vy, uy == _vz-



2. Show that u(z,y), v(z, y) are real analytic in (z,y) variables.
(Hint: Use |a| + |b| < v/2|a + ib| for a,b € R)
6. (15%) Let L be a differential operator operator from C°°(]R, ]R) to itself, the formal

adjoint L is defined as [ [v(Lu)dzdy = ff(L'v udzdy, for all u,v € C*,
Compute the formal adjoint of the following cases:
L. Llu] = (g, — a(z,y) 3-)lu] = uy + a(z, y)us,
2 Lfu] = (& + Zo)lu] = ttea + iy,
3. Llu] = a(z,y)uzqs + b(z, y)ty,.
7. (15%)
1. Let u = u(xz,y), Au = Uy + gy, v(r,0) = u(rcosd, rsin §). Find the

Laplace operator L in polar coordinates Lv = Au.
2. Let f(8) be a C™-function of period 27 with Fourier Series

f(8) = Z Ane™ . Prove that v(r,8) = Z A, '™ ™ represents in polar

n==00 n=-—00

coordinates 7,8 the solution of the Laplace equation Lv = 0 in the disk r < 1
with boundary values f.

3. Derive Poisson's integral formular for # by substituting for A,, their Fourier
expressions in terms of f (i.e. Ap = 5- 02" f(8)e~"™dB) and interchanging

summation and integration.
Upp — gy = 0

8. (10%) Solve { u4(0, z) = g(z), g € S(R) [Schwartz function class]
u(0,z) =

by performing Fourier transform with respect to the variable x

it €) = \/% / " eyt 2)do

U = Ugg
u(0,z) = f(z), f € S(R) [Schwartz function class]

by performing Fourier transform with respect to the variable

z, a(t,€) = 7= [Too €7 u(t, z)dz, show u(t,z) = = [e™~ €t (¢)de

9. (15%) (i) Solve {



(i) Show that u(t, ) may be expressed as

u(t, z) = f K(z,y,8)f(y)dy
1
Vit

(iii) Show that lim,_,o K (z,y,t) = 6, [Dirac function] in the sense of distribution.

K(z,y,t) = e~ (@) /4t
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