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. Solve the following PDEs.
1. yug + 2uy +u, = 2u’, u(z,y,0) = V.

2. uy+ w2 +u=0u(z0)==z
. Let ¢(z) = [sin(27z)]*. Assume u satisfies

Ug — Uz =0 for —1<2<1,0<1,

u(—1,t) = u(1,t) =0 for 0 < ¢,

u(z,0) = ¢(z), u(z,0) = —d,(z) for z € [0, 3],
u(z,0) = uy(z,0) = 0 for z € [-1,0] U [}, 1].

Find the functions u(z,2) and u(z,4).

. (Liouville's theorem) Prove that a harmonic function defined and bounded in all of R" is
a constant.

cLet Q= {(z,t): =1 <z <1,t >0} and let u € C*(Q) N C°(Q) on Q satisfy

Uy = Ugx on £
u(—1,t) =u(1,t) =0 for t > 0,
u(z,0) = f(z) for —1<z<1.

Assume f(—=1)=0, f(—z) = f(z) and 0 < f(z) < 1.
1. Show that 0 < u(z,t) < 1 on Q.
2. Show that u(z,t) = u(—z,t) on Q.
3. Prove that the energy E(t) = f11 u?(z,t) dz is decreasing in t for t > 0.

. Let Q denote an open bounded set in n-dimensional x-space described by an inequality
d(z) > 0, sothat ¢(z) =0 on IN. Let S for A > 0 denote the hyper-surface in zt

-space given by ¢ = A¢(z) for z € 2. On S, define
E(A) = Q/\ fiT,
S

where



1
Q) = E(uf + ) ul) + Alu Y ug by

1. Prove E()) = constant when uy — Cgy = 0.

2. Show that @) as a quadratic form in g, tg,, ..., Uz, is positive definite, when S

is spacelike.
3. Show that the initial data on Sy of a solution of sy — €%tz = 0 uniguely

determine u on all S with sufficiently small A.

6. Let f(@) bea C* function of period 27 with Fourier series

f(6) =) [an cos(nf) + b, sin(nd)].

n=0

1. Prove that

u = i[an cos(nf) + b, sin(nd)r"

n=0
represents in polar coordinates 7,8 the solution of the Laplace equation Au = ()

in the disk z? +y? < 1 with boundary values f.

2. Derive Poisson's integral formula

1—r2 [ f(e)
u(r, 6) = 27 /0 1472 —2rcos(f0 — a) dar

from (a) by substituting for the @y, b, their Fourier expressions in terms of f and

interchanging summation and integration.
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