May 9, 2004

There are Problems A to D with a total of 110 points.Please write down your proof or computatioinal
steps clearly on the answer sheets.

A

Let (X, M, p) be a measure space where M is a o -algebra of subsets of X, and

i M = [0, oo] is a measure. Define
p'(E) =inf{u(A)JA €M ,and E C A} ,foranysubset E C X

(a)
(10 points) Prove that p* is an outer measure define in X such thatevery E' € M is p*

-measurable, and p*(E) = pu(E). Are setsin M the only g* -measurable subset of X ?

(b)
(15 points) Let E, C X(n =1,2,3,---) be asequence of subsets. Probe that

p*(liminf,_, . E,) < liminf,_, p*(E,). Give example to show that the equality is

in general false. Is p*(limsup,,_,  E,) > limsup,_,  p*(E,) also true?

(15 points)Let f € L'(R") and K C R™ be a compact subset of IR™ . Define the functions

b(z) = / " 1f (@ +9) + F)ldy, p(z) = / )y orzeRe

where K +z = {y +z|y € K}. Prove that ¢ and % are both continuous functions in

IR™ .Are both uniformly continuous in R™ ?

Let (X, M, p) be a measure space (asin Problem A). Let f,(n=1,2,3,---)and f be
in LP(X, M, p) with 1 < p < o0.

(@)



(15 points) If limy, o0 || fullze = ||f||z2. prove that f, — f in measure iff

lim,, 00 ”fn - fHLP =0

(b)
(15 points) If || f,||z» is bounded in L? and f,, = f in measure where 1 < p < 00,

prove that
lim [ fu@9@dutz) = [ f@o@du(a) foramy g € LX, M,

where g is given by % + ql = 1. Show that by an example that the conclusion is false in case
p=1.

Determine which of the following statements is true or false. Prove your answer. Each has 10
points.

(@)
Let f :[a, b] — R be a function of bounded variation. Then f is absolutely

continuous in [a, b] iff f is absolutely continuous in [a + &, b] for all sufficiently small

e >0.

(b)
Let £ C IR? be a Borel subset, then the set F' = {sin(z? + 4?)|(z,y) € E} isalso

Borel in IR. However, if E is Lebesgue measurable, the F' may not be Lebesgue measurable.
(c)

There exists a collection F of closed rectangles in R™ such that UgegE is not

Lebesgue measurable.
(d)
Let f : R2 — R be Borel measurable. Then, for each 4 € R fixed, the function

f(z,y) isalso Borel measurable in z € R.



	Text27: 
	Text28: 


