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Part A: There are 7 problems in this section, do any 4 problems from them.

1. z € (07 1), Call = alucky number if there are infinite many 8's in the decimal expansion
of x. Call z areally lucky number if there are infinitely many 8's, infinitely many 88's,

infinitely many 888's, infinitely many 8888's ... in the decimal expansion. Show that the
set of really lucky number is measurable and find its measure.

2. f € L'Ya,b), given £ > 0, there exists § > 0 such that [, | f(z) | dz < & whenever
m(E) < § for all measurable subset E C (a,b). Where m(E) is the Lebesgue

measure of K.
True or false? Justify your answer.

3. Let f(z) = Yoo, ogne
(a) Does f € C°(R) ?
(b) Does f € C(R) ?
(c) Does f € C*®(R) ?

(d)Is f analyticon R ?

4. Let f € L'(0,7), find the following limits:
(a) limyyo0 [y f(2) sin nzdz

(b) limyyo [y f(2) |sinnz | dz

5. (a) Is the closed unit ball in 2 compact ?
(b) Let E = {(z1,Z9,23,+++) | | zi |< £}.1s E compactin 22

6. Does there exist a bounded linear operator 7" : L2(0, 1) — L?(0,1). Whose range is

the set of all polynomials ?
7. Show that L¥(0,1) is complete for 1 < p < 0.

Part B: There are 4 problems in this section, do any 2 problems from them.

1. Evaluate the following integrals:



dz do dzd
(a) f|z|=r |z—aP? (b) f|z|=r z—a ’ I a |¢ r (C) f|z|51 zTc%
. If f(z) is analyticin | z |< 1 and satisfies | f(z) |= 1 on |z| = 1. Show that f(z) is

a rational function.
. Let Q be the unit disk minus the real interval (0,1). Find a harmonic function  in Q so

that wu=1on |2z |=1and u=0o0n (0,1).

. Let Cy,C5, be two circles in the plane and suppose that C; lies inside Cy. Let I'; be a
circle in the annular region which is tangent to C; and C; somewhere and let 'y be
the circle tangent to Cy,Cy and I'y; I'; be circle tangent to Cy,Cy and I'g; - -
Suppose that the nth circle I',, tangent to 'y (as shown in the figure).

Show that no matter how the first circle I'; take place in the annular region, the last

circle I',, is always tangent to I'; and n is independent of I’ .
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