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(1)(15 ) Let  be a real tridiagonal matrix (that is, an  matrix all of whose entries

are zero except possibly those of the form . Show that if  and

 are both positive, both negative, or both zero for , then  has real

eigenvalues. (Hint: A diagonal matrix  can be found such that  is real
symmetric.)

(2)(15 ) Let  be a finite dimensional vector space and  be a linear

transformation. Let  be an invariant subspace (that is, ). Let 

and  be the minimal polynomial of  as linear transformation of ,

respectively. Show that , and .

(3)(20 ) Let  be normal subgroups of a group . (a) Suppose 

and . Is  necessarily true? (b) Does  necessarily contain a
subgroup isomorphic to  ? (c) Suppose . Is  necessarily

true? (d) Suppose  and . Is  necessarily true?

(4)(15 ) Let  be a prime. Show that for any , there exist 

such that .

(5)(15 ) Describe all subrings (containing 1) of .



(6)(20 ) Let . If  is the smallest subfield of  containing the set

. Let . (a) Prove that  is a field. (b)

Let  be irreducible. Prove that deg .
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