BESSEL PERIODS AND THE NON-VANISHING OF YOSHIDA
LIFTS MODULO A PRIME

MING-LUN HSIEH AND KENICHI NAMIKAWA

ABsTrACT. We give an explicit construction of vector-valued Yoshida lifts
and derive a formula of the Bessel periods of Yoshida lifts, by which we prove
the non-vanishing modulo a prime of Yoshida lifts attached to a pair of elliptic
modular newforms. As a consequence, we obtain a new proof of the non-
vanishing of Yoshida lifts.
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1. INTRODUCTION

In [Yos80] and [Yos84], Yoshida constructed certain explicit scalar-valued Siegel
modular forms associated with a pair of elliptic modular newforms (case (I)) or a
Hilbert modular newform (case (II)). These modular forms, known as Yoshida lifts,
are theta lifts from O to Sp,. Yoshida conjectured the non-vanishing of these
theta lifts under certain assumptions, and the non-vanishing of Yoshida lifts in case
(I) was later proved by Bocherer and Schulze-Pillot in [BSP91] and [BSPI7] (see also
[Rob01] for the representation technique). The purpose of this paper is to (i) extend
Yoshida’s construction to Siegel modular forms valued in Sym?*2 (C®2)@det* ~*272
and calculate their Bessel periods; (ii) show the non-vanishing of Yoshida lifts
modulo a prime ¢ under some mild conditions in case (I). In particular, we obtain
a new proof of the non-vanishing of Yoshida lifts in this case.

To state our main results explicitly, we introduce some notation. Let N~ be
a square-free product of an odd number of primes and (N;", NJ7) be a pair of
positive integers prime to N~. Put (Ny, No) := (N~ N;", N™N;). Let (f1, f2) be
a pair of elliptic modular newforms of level (I'g(N71),T0(N2)) and weight (2k; +
2,2ko + 2). Assume that ky > ko > 0. Let D be the definite quaternion algebra
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of absolute discriminant N~. By the Jacquet-Langlands-Shimizu correspondence,
to each f; (i = 1,2), we can associate a vector-valued newform f; : D*\Dx —
Sym?*(C®2) ® det ™ on DX unique up to scalar such that f; shares the same
Hecke eigenvalues with f; at all pt N~. Thus (f1, fs) gives rise to a vector-valued
automorphic form f; ® f; on GSO(D). Combined with an appropriate (vector-
valued) Bruhat-Schwartz function ¢ on DY (See §3.6), one obtains Yoshida lift

0f ¢, by global theta lifts from GSO(D) to Sp,. This Yoshida lift 0f ,¢ is a

2k2 @ dethr k242 gnd

degree two holomorphic Siegel modular form of weight Sym
level FSQ) (N) with N = l.c.m.(N7, N3), and moreover, it is also a Hecke eigenform
with the spin L-function L(0¢,g¢,,s) = L(f1,s — ka)L(f2,s — k1). For each prime
factor p of g.c.d.(N1, N2), we denote by €,(f1),€y(f2) € {£1} the Atkin-Lehner
eigenvalues at p on fi; and fs respectively. We consider the following condition

which is necessary for the non-vanishing of Yoshida lifts (cf. [Yos84, Lemma4.2]).
(LR) ep(f1) = €p(f2) for every prime p with ord,(Ni) = ord,(N2) > 0.

Let ¢ be a rational prime and fix a place A of Q above ¢. Then it is known that
one can normalize forms f;, f; on DA so that the values of f; on the finite part DX
are A-integral and do not completely vanish modulo A (See . Our main result
is about the non-vanishing of 0§ o modulo A attached to this normalized f; ® f5.

Theorem A (Theorem. Assume that holds and the prime ¢ satisfies the
following conditions
(i) > 2k; and £ 12N
(i) the residual Galois representations py, , : Gal(Q/Q) — GLy(Fy) attached
to f; are absolutely irreducible.

Then the Yoshida lift 03 ¢ has A-integral Fourier expansion, and there are infin-
itely many Fourier coefficients which are nonzero modulo .

It is well-known that the conditions (i) and (ii) only exclude finitely many primes
¢ (¢f. [Dim05, Proposition 3.1]), so we obtain immediately a new proof of the non-
vanishing of Yoshida lifts in case (I) from Theorem

Corollary B. Suppose that holds. Then the Yoshida lift 0f ¢ is nonzero.

When N; and Ny are square-free, the nonvanishing of Yoshida lifts in case (I)
has been proved in [BSP97| by a completely different method.

Our main motivation for the study of the non-vanishing modulo A of Yoshida
lifts in case (I) originates from the applications to the Bloch-Kato conjecture for the
special value of Rankin-Selberg L-functions L(f; ® fa, s) at s = k1 + ko + 2. For ex-
ample, the authors in [AK13| and [BDSP12] use the method of Yoshida congruence
to construct non-trivial elements in the Bloch-Kato Selmer group associated with
the four dimensional ¢-adic Galois representation py, (®py, ¢(—k1 —k2—1). Roughly
speaking, under some strong hypotheses these authors show that if ¢ divides the
algebraic part of L(f1 ® fa, k1 +k2+2), then £ is a congruence prime for the Yoshida
lift O, g5, and hence for such primes, they can construct non-trivial congruences
between Hecke eigen-systems of Yoshida lifts 0f ¢ and stable forms on GSp,. This
in turn gives rise to the congruences between their associated Galois representa-
tions, with which the authors can construct elements in the desired Bloch-Kato
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Selmer groups by adapting the method in [BroQ7| for the case of Saito-Kurokawa
lifts. The non-vanishing modulo A of explicit Yoshida lifts serves as the first step
in the method of Yoshida congruence ([BDSP12, Corollary 9.2] and [AKI3] Theo-
rem 6.5]). In [AK13], the authors use a result of Jia [Jial0|] on the non-vanishing
modulo ¢ of scalar-valued Yoshida lifts (i.e. k2 = 0), which is conditional under
the assumption of Artin’s primitive root conjecture. Our Theorem [A] relaxes the
assumption of Artin’s conjecture and further extends Jia’s result to vector-valued
Yoshida lifts.

The proof of Theorem [A]is based on an explicit Bessel period formula for Yoshida
lifts (Proposition , where we prove that the Bessel period of Yoshida lifts asso-
ciated to a ring class character ¢ of an imaginary quadratic field K is actually a
product of a local constant e(f; ® f5, ¢) defined in and the toric period inte-
grals attached to f; ® ¢ and f; ® ¢~ over K. On the other hand, it is shown that
Bessel periods, after a suitable normalizaton, can be written as a linear combination
of Fourier coefficients of Yoshida lifts 0f o (See in Lemma . Therefore,
the non-vanishing of 6 o modulo A boils down to the non-vanishing modulo A of
the local constant e(f; ® f2, ) and toric period integrals of f; ® ¢ and fo ® ¢~ for
some ring class character ¢. Finally, we prove that if ¢ is sufficiently ramified, then
the assumption implies the non-vanishing of the local constant e(f; ® fa, ¢),
and the simultaneous non-vanishing modulo A of these toric integral periods is a
direct consequence of results of Masataka Chida and the first author in [CH16].

So far we focus on Yoshida lifts in case (I). Let us make a remark on the non-
vanishing modulo A of Yoshida lifts in case (II), i.e. theta lifts attached to Hilbert
modular newforms f over a real quadratic field F'. We also give an explicit construc-
tion of Yoshida lifts in case (II) and show that their Bessel period formula attached
to a ring class character ¢ of an imaginary quadratic field K is a product of a local
constant and a toric period integral attached to f and the character ¢ o Ng,p over
E := FK. However, it is not clear to us how to show the non-vanishing modulo A
of this toric period integral for sufficiently ramified ¢ despite that the main results
in [CH16] have been extended to Hilbert modular forms by P.-C. Hung [Hunl6].
‘We hope to come back to this case in the future.

This paper is organized as follows. After introducing some basic notation in §2}
we give the construction of Yoshida lifts in §3] The particular choice of Bruhat-
Schwartz function ¢ is made in §3.6]and the Fourier coefficients of Yoshida lifts are
given by Proposition We calculate the Bessel periods of Yoshida lifts in §4]
and the Bessel period formula is given in Proposition [£.7] Finally, we prove the
non-vanishing modulo A of Yoshida lifts in

2. NOTATION AND DEFINITIONS

2.1. If v is a place of Q, we let Q, be the completion of Q at v and | - |, be the
normalized absolute value on Q,. Let Z be the finite completion of Z. If M is
an abelain group, let M, = M ®z Q, and M=M Rz, Z. Let A = RXQ be the
ring of adeles of Q and Ay = Q be the finite adeles of Q. If F' is an étale algebra
over Q (or Q,), denote by O the ring of integers of F' and by Ap the absolute
discriminant of F'.

If G is an algebraic group G over Q, denote by Zg the center of G. If R is a Q-
algebra, denote by G(R) the group of R-rational points of G. If g € G(A), we write
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gr € G(Ay) for the finite component of ¢ and g, € G(Q,) for its v-component.
We sometimes write Gq = G(Q) and Ga = G(A) for brevity. Define the quotient
space [G] by

[G] .= Gq\Ga.

If dg is a Haar measure on G a, then the quotient space Gq\Ga is equipped with
the quotient measure of dg by the counting measure of Gq, which we shall still
denote by dg if no confusion arises.

For a set S, #(S) denotes the cardinality of S and Ig denotes the characteristic
function of S.

2.2. Algebraic representation of GL,. Let A be an Z-algebra. We let A[X,Y],
denote the space of two variable homogeneous polynomial of degree n over A.
Suppose n! is invertible in A. We define the perfect pairing (-,-), : A[X,Y], x
A[X,Y], — A by

; —1
i i —1)i(" ifj 4 =
<X’Lyn—’L7ijn—j>n — ( ) (L) ’ 1 .] +Z n7
0, ifi +j # n.

For k = (n 4 b,b) € Z2 with n € Zsg, let £.(A) denote Sym™(A%?) @ det” the
algebraic representation of GLa(A) with the highest weight . In other words,
L.(A) = A[X, Y], with p, : GL2(A) — Auts L, (A)given by

pre(9)P(X,Y) = P((X,Y)g) - (det g)".
It is well-known that the pairing (-, -),, on £,(A) satisfies
(pr(9)v, pr(g)w)n = (det g)" " - (v, w)n (g € GLa(A)).
For each non-negative integer k, we put
(Wi (A), ) == (A[X, Yok, p(r,—k))-

Then (Wi (A), 7y) is the algebraic representation of PGL2(A) = GLo(A)/A*, and
the pairing (-, )2 is GLa(A)-equivariant.

2.3. Siegel modular forms of degree two and Fourier expansions. Let GSp,
be the algebraic group defined by

0 1 0 1
GSp, = {g € GLylg (12 02> fg=w(g) (12 02>}

with the similitude character v : GSp, — G,,,. Here 15 denotes the 2 by 2 identity
matrix. The Siegel upper half plane of degree 2 is defined by

2 ={Z €My(C) | Z="Z,Im Z is positive definite} .
Then §), is equipped with an action of Sp,(R) given by g-Z = (AZ+B)(CZ+D)~!
for g = (é g) and Z € $9, and define the automorphy factor J : Sp,(R) X $2 —

GL2(C) by J(9,Z) =CZ + D. Leti:=+/—1-15 € H2. Let Ko be the maximal
compact subgroup of GSp,(R) defined by

K. = {g € GSp,(R)|g'g = 12}.
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Let k= (a,b) € Z* with a — b € 2Z>(. For a positive integer N, let

uP (V) = {g = (g g) € GSp,(Z) | A, B,C,D € My(Z), C =0 (mod N)} .

be an open-compact subgroup of GSp,(Ay). For cach quadratic character x :
Q*\A* — {£1}, denote by A,.(GSp,(A), N, x) the space of adelic Siegel modular
forms of weight &, level N and type x, which consists of smooth functions F :
GSp,(A) — L,(C) such that
F(vgkocuz) =pu(J (Koo, 1)) F(g)x(det D),
(v € GSpy(Q), koo € Koo, u = (é g) e UP(N), z € AX).

Fourier coefficients of F. Denote by Hs the group of 2 by 2 symmetric matrices.
Let U be a unipotent subgroup of GSp, defined by

_ (1, X
U—{u(X)—<O 12>|X€H2}.
Let ¢ =[], ¥y : A/Q — C* be the additive character with ¢ (z) = exp(2mv/—12 )
for oo € R = Qu. For each S € Ha(Q), let s : Ug\Ua — C* be the additive

character defined by ¥g(u(X)) = ¢¥(Tr(—=SX)). The adelic S-th Fourier coefficient
Wzr s : GSpy(A) — L. (C) is defined by

Wrs(g) = /U , Fugsudn

where du is the Haar measure with vol(Uq\Ua,du) = 1. Then F has the Fourier
expansion

(2.1) Flg= > Wrslg.
SeH2(Q)
Note that Wz s(ug) = ¥s(u)Wx s(g) and

(2.2) W.F,S((é Vtg1> 9) = Wxr iese(g)
for £ € GLy(Q) and v € Q*.

3. YOSHIDA LIFTS

3.1. Orthogonal groups. Let Dy be a definite quaternion algebra over Q of dis-
criminant N~ and let F' be a quadratic étale algebra over Q. Let D = Dy ®q F.
We assume that every place dividing coN ~ is split in F'. It follows that F' is either
Q3 Q or areal quadratic field over Q, and D is precisely ramified at coN~. Denote
by z — z* the main involution of Dy and by x — T the non-trivial automorphism
of F//Q, which are extended to automorphisms of D naturally. We define the four
dimensional quadratic space (V,n) over Q by

V={xeD:7" =z}, n(x) =xz".
Let H be the algebraic group over Q given by
H(Q) = D* xpx Q% = D* x Q*/{(a,Nyyq(a)) : a € F*}.
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Then H acts on V via p: H — AutV given by
o(a,a)(z) = a taza* (x,€V,(a,a) € BX).
This induces an identification ¢ : H ~ GSO(V') with the similitude map given by
v(p(a,a)) = o *Ng/q(aa®).
For a € D, we write o(a) = o(a,1). Put
HY ={he H|v(o(h)) =1} =~ SO(V).
Remark. If v = ww is a place split in F, then F = Q,e,, ® Q.,¢ew, where e, and

ew are idempotents corresponding to w and w respectively, and each place w lying
above v induces the isomorphisms

iw: DgyXDg,/Qy ~ H(Qy), (a,d) = (aey, + dew,n(d));
Jw  Dow =V, x4 ey + e

By definition, o(iy(a,d))jw(z) = ju(axd™1).

(3.1)

3.2. Notation for quaternion algebras. We will fix the following data through-
out this paper. For any ring A, the main involution * on My(A) is given by

a b\" _ [(d -b
(c d) o (—c a ) ’
Fix an isomorphism ® =[x, ®p H;,(N_ My(Q,) =~ H;*N_ Dy ® Q, once and
for all. Let Op, be the maximal order of Dy such that Op, ® Z, = ®,(Ma(Z,))
for all pt N~ and let Op := Op, ®z OF be a maximal order of D.

Let N* be a positive integer with(NT, ApN~) = 1 and let R be the standard
Eichler orders of D of level NTOp contained in Op. Then the algebraic group H
and the quadratic space V can be endowed with an integral structure induced by
R as follows. Define the lattice

V(Z):=VNR; V(A):=V(Z)®z A

~

for any ring A. Define an open-compact subgroups H(Z) and U by
H(Z)=][H(Z,). H(Z,):= R} X0y 7
(3.2) P
U=HD(A;)NH(Z) = {(h, a)e HV(A}) | he EX} .

Define the quaternion algebra Hqg over Q by

z w
ta={(2, ") 1sweavD)
The main involution * : Hg — Hq is given by « — ' and let Ong be the maximal
order defined by
1+e+j+1g

2 )
N AVAS 0 . 0 V-1 .
where i = ( 0 S and j = — o /) Then the Hamilton quater-
nion algebra H := Hg ® R. Let £ { 2N~ be a prime. For the later study on the
l-integrality of Yoshida lifts in @ we take @ : H >~ Dy o to be an isomorphism
compatible with this prime ¢ in the following manner. Choose a real quadratic field

Ong =Z+Zi+7j+7



BESSEL PERIOD AND THE NON-VANISHING OF YOSHIDA LIFTS 7

F1 such that ¢ is split in F; and every prime factor of 2N~ is inert in Fj. Fix an
embedding F; < Qg. Then there is an isomorphism ® 5, : Hq ® F1 ~ Dy ® F such
that ®p, (Ong ® Z¢) = Op, ® Zy, and the isomorphism @, : H ~ Dyq o is obtained
by extending ®, by scalars.

Let F' := FFy(v/—1). For any F’-algebra L, @;11 induces an embedding Dy —
Hq ®q L < My (L), which in turn induces D* — GLo(L® F) = GLa(L)x GLo(L).
Therefore, for each pair of non-negative integers (k1,k2), we can regard (1, ®
Thys Wiy @ Wh,) in as an algebraic representation of D*/F* (= H/Zy) over
L.

3.3. Automorphic forms on H(A). Let k = (k1, k2) be a pair of positive integers
with k1 > ko and let (7, Wi) := (Th, ® Ty, Wiy @ Wh,) be an algebraic represen-
tation of D*. For any open-compact subgroup U C (53, denote by Ag(Dx,U) the
space of modular forms on D) of weight k, consisting of functions f : Dy — Wj,(C)
such that

F(eyhu) = Tu(h))E(hy),
(h =(hoos hy) € D, (2,7,u) € F§ x DX x U),

Hereafter, we shall view f as an automorphic form on Zy(A)\H(A) by the rule
f(a,a) :=f(a).

Let 91t | N be an ideal Op and let 91 = MTN~. Let Ry+ be the Eichler of
level MT contained in Op (so R C Ry+). Let A(Dy) be the space of automorphic
forms on Dj. Then there is a natural identification

Ax(Dg ﬁgxm) = Homp,x (Wi (C), A(DX)E;Jr),

Let f™% be a newform on PGLy(Fa) of weight 2k+2 = (2k; +2, 2k +2) and level
M. Namely, f2°V is a pair of elliptic modular newforms (f1, f2) of level (I'g(N;" N ™),
Lo(Ny N7)) and weight (2k1 + 2,2ks + 2) if F = Q & Q and M+ = (N;", NY),
while f¥ is a Hilbert modular newform of level I'o(91) and weight 2k + 2 if
F' is a real quadratic field. Let m be the automorphic cuspidal representation
of PGL2(Fa) attached to ™" and let 7” C A(DJ) be the Jacquet-Langlands
transfer of 7, which is an automorphic representation of Dx. Then the subspace

AE(DX,ﬁ;1+)[7TD] := Homp_ Wk (C), (’/TD)E;H') has one-dimensional by the the-
ory of newforms. Any generator £° of this space Ag(Djy, §§+)[WD | shall be called
the newform associated with f™c%.

3.4. Weil representation on O(V) x Sp,. Let (+,-) : V x V — Q be the bilinear
form defined by (x,y) = n(z + y) — n(x) — n(y). Denote by GO(V') the orthogonal
similitude group with the similitude morphism v : GO(V) = G,,,. Let X =V & V.
For v a place of Q, let V,, =V ®q Q, and X, = X ®q Q.. Note that the quadratic
character xp,/q, attached to F,/Q, is the quadratic character attached to V.
Denote by S(X,) the space of C-valued Bruhat-Schwartz functions on X,. For
each x = (z1,22) € X, =V, ®V,, we put

s, = <1n($1) ;(xth)) .

(z1,22)  n(z2)
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Let wy, : Spy(Qy) = AuteS(X,) be the Schréodinger realization of the Weil repre-
sentation. For every ¢ € S(X,), we have

o (L, 8)) @ =t 20

where vy, = (1, o n) is the Weil index attached to the second degree character
Ypyon : V, = C* (¢f [RR93, Theorem A.1]), and ¢ € S(X,) is the Fourier
transform of ¢ with respect to the self-dual Haar measure dy on V,, @ V,, defined
by

B() = /X () bo((,9))du(y).

v

Let R(GO(V)x GSp,) be the R-group
R(GO(V)x GSpy) = {(h,g) € GO(V)x GSp, | v(h) = v(g)} -
Then the Weil representation can be extended to the R-group by
w, R(GO(V,) x GSp4(Qu)) — AuteS(X,),

sl g)ea) 2 0000 0= (3, ) 9
Let S(Xa) = ©,8(X,) = S(Xa0) ® S(X) (X = X ® Z). Define wy = ®ywy,
Spa(A) = AutcS(Xa) and w = @yw, : R(GO(V)a x GSpy(A)) — AuteS(Xa).

3.5. Theta lifts. Let f € A(Dj}, R*). Define the pairing on Wi(C) by (-, ) =
(- Yoky ® (-, )aks, Where (-, -)op, (¢ = 1,2) is the pairing introduced in Section
Let

R = (k1+]€2+2,k1 —k2+2)

For each vector-valued Bruhat-Schwartz function ¢ € S(Xa) ® Wi(C) ® L,.(C),
define the theta kernel 6(—, —; ¢) : R(GO(V)a x GSp,(A)) = Wi (C) ® L(C) by

0(h,g;¢) = > w(h,g)e().
zeX
Let GSp; be the group of elements g € GSp, with v(g) € ¥(GO(V)). Define the
theta lift 6(—; £, ) : GSpS (Q)\GSp; (A) — L,.(C) by

grtp) = [ O, g:0), SR sdh () = v(0))

Here dh := dhocdhy is the Haar measure of H®(A) normalized so that dhs, and
dhs are the Haar measures of H()(R) and H(A ;) with vol(H(R),dh) =
vol(HM(Ay) NU,dhy) = 1. Here U is the group defined in (3.2). We extend
uniquely 6(—;f, ) to a function on GSp,(Q)\ GSp,(A) by defining 6(g,f, ) =0
for g ¢ GSp,(Q) GSpf (A).
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3.6. The test functions. Let N = NTN~ and N = l.c.m.(N, Ar). We choose a
distinguished Bruhat-Schwartz function ¢ = o ® ¢y € S(Xa) @ Wi(C) @ L,(C)
as follows. At the finite component, define oy € S ()A() by

(3.3) ¢f =Ly, (3 av(z) the characteristic function of V(Z) & V(Z).

Lemma 3.1. For g = (é g

) e UP (Np) N Spy(Z), we have
wv(9)es = xr/q(detD)py,
where xp/q : Q*\AX — {1} is the quadratic character attached to F/Q.

Proof. This is [Yos80l Proposition 2.5, Proposition 2.6]. O

At the archimedean place oo, we have identified H(R) with H* xH/R* and
Voo with H via the isomorphisms fixed in so that H(R) acts on V, = H by
o(a,d)x = axd~'. To define the archimedean test function ¢ € (X, ) = S(H®?),
we need to introduce several special polynomials. Let p : Ma(C)™=0 — C[X1, Y1]2
be the map defined by

p ((z b@)) = —bX2+ 24XV, + V2.

It is easy to see that
(3.4) p(grg™") = 11(g9)(p(z)) for g € GLy(C).
Define q: MQ(C) — C[Xl,Yl]l [29] C[XQ,YQ]l by
_ «(0 1 ([ X1i®Xe X109
q(z) =Tr (33 <_1 O) W) (W = <Y1 9 Xy V) ®Y2))'
In particular,
q(< o Zf)) =ZY1 @ Xo + wX1 ® Xo — 2X1 @ Yo + WY @ Ya.

For each integer @ with 0 < o < 2ks, define P My (C)®2 — C[Xy, Yi]or, ®
C[XQa}/Q]QkQ by

* 1 * - @ —a
P (w1, 20) = p(a125 — iTr(xleQ) S1p) Rz g (o) q(ag) PR

Define Py, : M2(C)®2 — C[Xy, Yi]ak, ® C[Xa, Ya]ak, ®c C[X, Y]ax, to be the map

_ = o 2k ay2ks—a
PE(LL'M.Z‘Q)—ZP;C (.%‘1,!)32)@ XY .
a=0

«

The archimedean Bruhat-Schwartz function ¢ @ Xoo = H®? — C[X1,Yi]ok, ®
C[Xa, Ya]ok, ®c C[X, Y]y, is defined by

(3.5) Poo(@) = e 2rETRED) . Py (1, 29).
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To be explicit, the polynomials Py, : H¥? — C[X7, Y1]ok, ®C[ X2, Ya]ok, ®cC[X, Yok,
can be written down in the following form:

zZ1 w1 Z9 wo
Pi( <—w1 21) ’ <—w2 22))

:((2122 + u)l@g — @1102 — 5122)X1Y1 + (Zl’lUQ — ’LU1222)X12 + (Elwg — §2E1)Y12)/€1—k72
2]€2
X 2(511/1 @ Xo +w1 X1 ® Xo — 21 X1 @Yy +01Y] ® Ya)”
a=0

X (Z2Y1 ® Xo + w2 X1 @ Xo — 20X1 ® Yo + WaY] ® Ya)2h2 7 (2§2>Xay2k2a-
Note that the coefficients of P, are integral polynomials in {2, Zs, wh@i}i:m‘
Lemma 3.2. For (h,g) € HY(C) x GLy(C), we have
Py(o(h)(z1,22)9) = Th(h) @ P(ky 412 k1 —k2) (1 9) (Pr(21, 22)).-

Proof. Note that HV(C) = {(a,d) € GLy(C)®? | deta = detd}. The assertion
for h € HM(C) can be verified by (3.4), and the assertion for GLy(C) can be
checked by a direct computation. O

Lemma 3.3. The map Py, : H®? — C[X1, Y1)k, ® C[X2, Ya]ak, ®c C[X, Yok, is
a vector-valued pluri-harmonic polynomial.

Proof. We recall the definition of pluri-harmonic polynomials given in [KVT78|
p. 18]. Let A1, Agg and Aqs be the differential operators on C|z1,Z1, w1, W1, 22, Z2, We, Wa]
defined by

0? 02 0? 02 02 0?

,=1,2 Ao = .

02;,0%; + ow;0w; (1 ’ ), 12 0210%Z9 + 07Z10%29 + Ow10Wo + 0wy 0ws
Then a polynomial P € C[zy,Z1, w1, W1, 22, Z2, Wa, We| is said to be pluri-harmonic
if and only if

Ay =

A;;P=0forall i,j € {1,2}.
Now the lemma follows from a direct and elementary computation of A;; P,. We
leave it to the readers. (]

Lemma 3.4. Let P(x) be a pluri-harmonic polynomial on X, = H®2 and let
o) = P(z) - e 2,
For u = A+ /—1B € Uy(R) C GL3(C), we have
o (Ty B)ete) = et et
Proof. By |[KV78l Lemma 4.5], we have
/X w(xty)z/)(%xztx)P(x)dm = det(

‘We thus obtain

v gy )Py,

wvoo((_1 1) u(b))p = P(—x(b+ \/jl)*l)@[,(,%<x,z(b+ V=D ) -det(%)?
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Using the decomposition

(A B) _ (1 —ABl) (tBl O> ( 1) (1 —BlA>
-B A 0 1 0 B)\-1 0 1 ’
one shows the lemma by a straightforward calculation. (I
Lemma 3.5. For (h,k) € HV(R) x K,
(woo (h, k) poo) (2) =T (h 1) ® pi(*k) (oo ()

Proof. Recall that k = (k1 + ko + 2,k1 — ko + 2). It follows immediately from
Lemma @ Lemma @ and Lemma @ |

3.7. The Fourier expansion of Yoshida lifts. With the above distinguished

test function ¢ 1= oo ® vy € S(Xa) @ Wi(C) ® L,.(C) defined in (3.3) and (3.5,
we see that the Yoshida lift ¢ : GSp,(A) — L. (C) attached to f is defined by

O0r = 0(—; f,p) € Ax(GSpy(A), Nr, XF/Q)-

is a (adelic) Siegel modular form of weight x, level Nr and type xp/q in view of
Lemma 3.1 and Lemma [3.5] Define the classical Yoshida lift 0f : $2 — L,.(C) by

05 (Z) = pr(J(9o0:1))0¢(9o0)  (9oo € SP4(R), 9o -1 = 2).
Let I‘(()2)(NF) = Sp,(Q) N Uéz)(Np) C Spy(Z). By definition,
0¢ (v Z) = pu(J (v, 2))0F (2)

for v € F(()2)(NF).
We recall the calculation of Fourier coefficients of 65 (Z) following [Yos84, §3].

Let £ € GL2(A) and v = v(t) € A} for some t € H(Ay). Put g = (g utg_l) €
GSp,(A). We have

Wi, 5(g) = /[U] Oe (ug) s (w)du

= [ P vstan [ >~ (it p(a) £

:/[H(l)] Z <w(htvg)§0(@’)7f(ht>>2&dh.

zeX, S=S,

Therefore, if Wy, s(g) # 0, then S = S, for some z € X, and S is semi-positive
definite. Now let S = S, and put

H, = {h e HY | o(h)z = z} .
It follows from Witt’s theorem that

oHM(Q))z={z € X |5, =S5,};
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we thus obtain
(3.6)

Wy, s(g9) = Z (w(t, g)plo(h™ 'y 1)2), £(ht))ordh
DL em,@\rM(Q)

(w(t, g)p(e(h™")2), £(ht))2ndh

/HZ(Q)\H(”(A)

_ 2 _ _
—xr/qdet) [t det |2 / (oot~ 1) =€), E(ht))sxdh.
H(Q\HM(A)

To proceed the computation, we introduce some notation. Define the subset Ay C

H2(Q) by

Ay = {S = (b72 b£2> | S is semi-positive definite with a,b,c € Z} .

Define the set £, by
&, = {hf e HY(Ap) | olh; Yz e V(Z) & V(i)} .

Then we have H,(Af)EU = &,, and according to [Yos84, Proposition 1.5], the
cardinality §(H,(Af)\E,/U) is finite, so [E;] := H,(Q)\E,/U is also a finite set.

Proposition 3.6. The classical Yoshida lift 0f has the Fourier expansion

0:(2) => a(8)¢® (¢° = exp(2nV/~1Tx(52))),

S

where S runs over elements in Ay such that S = S, for some z € X and

a(8) = > wan, - (Pu(2),£(hs))ox,
(3.7 hy€lE,]

(wany = §(HL(Q) N hgldhH) ™).

In particular, 0f is a holomorphic vector-valued Siegel modular form of weight
Sym?*2 (C®2) @ det® ~*2 and level F(()z) (NFp).

Proof. Let Z = X ++/—1Y € $5 and choose £, € GL2(R) such that ¥ = £,.%¢ .
w 0
Putalee) = (5 L) By @D,

0:(2) = pe(T(9o0r 1) Wop 5(goo) (900 = u(X)ar(€))
g
=3 pul & Wap s(a(ac)) - 27T THEN),
g
Suppose that Wy, s(a({x)) # 0. Then S = S, for some z € X. Combined with

the fact that ¢ is left invariant by unipotent elements in U(§2)(N r), we see that
S € A,. Note that by Lemma [3.2

(det€oo)? - p(2600) = (pi(*boc) Pr(2)) - e 27 TN,
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where k = (k1 + ko + 2, k1 — k2 + 2). Applying (3.6) and Lemma we obtain

W, s, (@(é0)) =(det§oo)2/H @A )sOf(Q(hfl)Z)@oo(ZEoo%f(hf)>2@dhf

N / e, (hy) - pe(*€oc) (Pr(2), E(Rg)) 2 - €27 Ty
HL(Q\HO) (A )

=pn(c) | D wan,  (Pu(@). £(hp))ay | - 72T,
[hs]€lE.]

The proposition follows immediately. (I
Remark 3.7. Suppose that f = f° is the newform associated with an newform f™°%

on PGLg(Fa). Let m be the automorphic representation of GL2(Fa) generated by
fV. When the Galois conjugate 7T is not isomorphic to m, or equivalently f(h) is

not a scalar of f¥(h) := f(h), it is well known that 6§ is a cusp form, i.e. a(S) =0
if det.S = 0 (¢f. [Yos80, Theorem 5.4], [BSP97, Theorem 1.2], [Rob0l, Theorem
8.6]).

4. BESSEL PERIODS OF YOSHIDA LIFTS

4.1. Bessel periods. In this section, we let f € AE(DX,EX) and calculate the
Bessel periods of the Yoshida lift f¢ associated to some special imaginary quadratic
fields. Let M be an imaginary quadratic field such that (Ap;, N) =1 and

(H) Each prime factor of N~ is inert in M.

The above assumption assures that the existence of an optimal embedding ¢ : M —
Dy in the sense that :=1(Op,) = Opr. We shall fix an optimal embedding. Let
M = Q(v/—dyr) and F = Q(\/dr) with dy; and dp square-free positive integers.
Let K = Q(v/—dmdr). Then we have a natural map ¢ : K -V C D = Dy ®q F'

such that
L(\/ —d]yjdp) :L(\/ _dM)® dr.

Let dg be the square-free positive integer such that K = Q(v/—dk) and let Ox =
Z ® Z6 with the claasical choice of §

(4.1) 5= V—dx if —dg #1(mod 4),
' S if —di =1 (mod 4).
Thus 6 — § generates the different of K/Q and Im§ = /Ax /2. Put

z = (1,.(0)) € X;

1 0+d
o _ 2
S:=5,= 5i25 5]

We introduce the definition of S-th Bessel period according to [Fur93]. Define a
Q-algebraic group Ts by

Ts = {g € GLy|*'¢9Sg = det gS}.
Define ¥ : K* — GLs by
tz. = (t,t0) = (1,0)¥(t) = zV(t) (te K*),
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Then U(K*) =Ts. Let E := FK = F(y/—d)) be a subalgebra of D (via ¢) and
let

Ey:={a € E|Ng/k(a)=aa* € Q}.
Define a morphism j : E* — GSpy, t — j(t) by

e (V) 0

0 U(Ng/k(t))

Let dt = dto.dts be the Haar measure on Ex/FS with vol(EX/FX,dts) =
vol(OF,dts) = 1. Let dacs and day be the Haar measures of H,(R) and H,(Ay)
such that vol(H,(R),dax) = vol(H,(Ay) NU,day) = 1 and let da := daccdas be
the Haar measure on H,(A), which will be identified with (Ey ® A)*/F by the

lemma below.

Lemma 4.1. We have an isomorphism
Ef/F* ~H,, a— (a,NE/K(a))
as algebraic groups over Q.

Proof. It suffices to show this map is surjective. Let L be a field extension of Q
and let (a,a) € H,(L) C (D ®q L)* X(pgryx L*. By definition,

alag* =1; o lada* =a.
This implies that a lies in the centralizer of ¥ ®q L. Since F ®q L is a maximal
commutative subalgebra of D ®q L, we see that a € £ ®q L, and hence a = ag* =
NE/K ((Z) € L. O

For a Siegel modular form F of weight &, the S-th Fourier coefficient Wz s :
GSp,(A) — L,(C) is left invariant by Zy(A)Ts(Q). For each character ¢ :
K*AX\K, — C*, we can define the vector-valued Bessel period Br g » : GSp,(A) —
L(C) by

(4.2 Brsso)= [ Wrs96Nsx 1)

where df is the quotient measure dt/da.

4.2. Preliminary computation of Bessel periods. Let C be a positive integer
such that

(hC) Every prime factor p of C' is split in either F' or M,
and put

10 ¢ 0
(4.3) fo = (0 C) €GL2(Ay); gc = (O t551> € Spy(Ay).

Define the subset &, ¢ C H(l)(Af) tobe &0 =11 Ez,0,p, Where

p<oo

Ez,C,p = {h € H(1)<Qp) | Q(h_l)Z§C,p € V(Zp) D V(Zp)} .

It is clear that H,(Af)E, clU = &, ¢, and by definition, ¢ (o(h~')zéc f) = I¢, . (h)
for h € HY(Ay).
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Proposition 4.2. We have

By, s,6(9c) = C ™2 (Poo(@), E(thy))or - (N gk (t))dtdhy.

Ho(Ap)\Ez 0 /[EX/FX]
Here dhy = dhy/day.

Proof.  For simplicity, write N = Ng, . Since v(j(t)) = Ng,q(t) = v(o(t)), apply-
ing the formula (3.6), we find that C? - By, s.4(gc) is equal to

o2 / Wi, s((t)ge)d(N(£))d
[EX/E{]

- / / (oot h W (N (1)), E(ht))ai - (N (1)) dEd .
H(Q\HW (A) J[E*/Ey]

Using the fact that zU(N(¢)) = o(t)z and the identification EJ/F* ~ H, in
Lemma [£.1] the above double integral is equal to

/ / / (ot~ a" h™ ta)zéc), £(h(ta,N(a))))ax - H(N(t))didadh
H,(A)\HW(A) J[ES /F*] J[EX/E]

- / / (ot~ h1)aEc), £ () ok - S(N())dltd
H,(A)\HM(A) J[EX/FX]

The above equality holds since £ is commutative and ¢ is trivial on A*. Making
change of variable h — tht~! and applying Lemma we obtain

c?- B9f,S,¢(gC)

- / / ((o(h™Y)aEc), E(th))ax - S(N()dtdr
H,(A)\HM(A) J[EX /FX]

-/ [ oralh o) (o o) Bt - G(N(E) s
Ho(Ap\HW (Ay) J[EX/FX]

This completes the proof. O

4.3. Determination of &, ¢. Let p be a rational prime and let U, be the p-
component of the open-compact subgroup /. In this subsection, we give the explicit
description of the double cosets [£,.c ] = Hz(Qp)\Ez,c,p/Up, which will be needed
for the further computation of Bessel periods. In addition to , we assume that
M satisfies the following condition:

(rFK) If p is ramified in F' and K, then p is inert in M.

If (Ap,Ak) =1, then (rFK]) holds automatically. In what follows, for pt N—, we
identify Dy, with M2(Q,) via the fixed isomorphism @, in Put

6p = \Vdp;  Oar = u(\/—dur).

Lemma 4.3. For p { N7, there exists ¢, € GL2(Op,) satisfying the following
condition:

(i) If p is split in M, then g, € GL2(Z,) and

- 5
o t(Brr)sp = ( Mo §M>.
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(ii) If p is non-split in M and in K, then g, € GLy(Z,) such that

1 71+dM
2 if p is inert in M,
4 2 -1
Cp L(éM)gp = 0 d
—apn

if p is ramified in M.
1 0

(iii) If p is inert in M and split in K, then det¢, € Z,’ and

1 0 ) _ 1) 0
G %= (551 (f) S e(ar)sp = ( o —5M) .

Proof. (i) and (ii) are standard facts. To see (iii), note that there exists g €

SL2(OF,) such that g~'u(6x)g = (66( g > € GL2(Qp) as p is split in K. Let
—0K

b=g ' € SLy(OF,). We have b=b"" and

Cogtiemg= (6§ )=o)

-1 0 1 0 0 a
It follows that b ( 0 1) = (0 _1> b, and hence b = (—a_l 0) for some

1 0
X . - _ . X
a € OFp with @ = —a. Replacing g by g (O 6Fa_1) for some a € F), we find
that the conjugation by g sends E, into diagnoal matrices,
0 1)
-1 _ F . _ -1 X
g g= <_5F1 0>,detg—5pa €Z,.
Then this g satisfies the conditions in (iii). (]

Definition 4.4. Let ¢, = ord,C. For each prime p such that either p is prime to
N or pis split in M, we define the subset &, ¢, C H(l)(Qp) as follows:
(i) If pt NT N~ is split in M, then

~ 1 —J )
Eaop = {(gp (0 pl ) ydetgy) |0<j < cp}.

(ii) If p| N is split in M, then

0 1
Eaop = {(gp,det ), (Sp (_1 O) ,det gp)} )

(iii) If pt NTN~ is non-split in M, then

Encp = 0 1

{(sp,detsy)} if p is non-split in F.

0 .
& {(Cp (p >7P_Jd€t§p)|0§j§cp} if p is split in F,

(iv) If p| N7, let mp, be an element of Dy, with 7TDP7T*DP = p, and put

gz,C,p = {(127 1)7 (FDp7p)}.

We record here the following integral analogue of Skolem-Noether theorem.
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Lemma 4.5. Let F/Q, be a finite extension and E be a quadratic field over F.
Let O be an order of O and R = My(Op). If f,f' : O — R are two optimal
embeddings of O into R, then f'(x) = w1 f(z)u for some u € R*.

Proof. This is a special case of [Hij74, Corollary 2.6 (i)] (See also the last paragraph
of [Gro88, p.1158]). O

Proposition 4.6. If pt N orp is split in M, then the set gzp#} is a complete set
of representatives of [E,.cp). If p | Nt is non-split in M, then &, ¢, is the empty
set.

Proof. Let ¢ = (gp,dets,) € H(Q,) and

7z =o0(c Nz, Hy:=¢ "Hy(Q)s; Ewcp=5 ‘Eucyp
Suppose that £,/ ¢, is not empty and let h € £,/ ¢, or equivalently
(4.4) oh Yz e R, C 'R,

Denote by [h] the double coset H, hi4,. The task is to show that the class [h] can

be represented by some element in g‘lgzﬁc’p and that p t N* if p is non-split in M.
Case (i) p is split in M: In this case, p is unramified in F' and K by (rFK)),

and one verifies that z’ = (1, <g g)) and
H, = {((a d) ;) € GLa(Fp) X px Q) :ad= a}.

Using the Iwasawa decomposition, one can verify that [h] can be represented by an
element h; of the form

B 1 -y al 0 _ (1)
m=((y V) (% Vv @-tyen uen@,),

where H()(Z,) = HY(Q,) N (GL2(OF,) Xox. Z)). Then (4.4) implies that
1 a Yy—7y ad Yo —yo 1
e = 1 77) () ")) € Ma(0n,) 0 Ma(C O,
Since aa = 1 and p is unramified in F, from the above relation we can deduce that
a € O;p; y =y1 (mod OF,) with y; € C'Z,, —j <ord,(y;) <O0.

Writing 1 = —p /00 with 0 < j < ¢, and v € (’);ip, it follows that

=t =15 0) (6 ") (Y 9)uni=i(y Ty )m

for some u; € HW(Z,). If pf N*, then U, = HY)(Z,), and hence [h] can be
represented by some element in ¢~1&, ¢ .

Case (ii) p | N is split in M: In this case, ¢, = 0, so from the discussion in
the previous case we see that the class [h] can be represented by some element in
GL2(OF,). Now we claim that [h] can be represented by some element hy of the

form
1 0 r 1
hz((a: 1>,1) orhg((_1 0)71), z € OF,.
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To see the claim, recall that

R, = {(‘c‘ Z) € My(Op,) | ¢ = 0 (mod N+)},

and note that for a finite extension L/Q, with a uniformizer w, we have the coset
decomposition

(45 GLa(01) =Uieso, ( §) B O Uieo, (7 5) BlOW.

where B(Op) = {(g Z) la,d € OF ., be OL}, so it suffices to consider the case

where F, = Q, & Q,, and [h] is represented by

hs = (<(;(z:1,7yi) E?:(I)D ), x €pZy,y € Zy.

Then o(h; ")z'éc,, € R, ® R, implies that

1—zy,zy—1) (—z,y)

which is a contradiction as 1 — zy € Z;. This proves the claim. We proceed the
argument. An easy computation shows that

(( (y, —z) (171)> €ER, = (l—azy,zy—1) € NT,

1 1) 1
( _ 0 s | — 9 ) 1fh/2: 0 3
N z—T 1 z0 —xd O z 1
o(hy )z’ = =
1 0 1) 0 . r 1
( 7 - ) lthZ .
r—T 1 xd—7Td O -1 0

The condition o(hy ')z’ € R, @ R, implies that x = 0 (mod N*), and hence

Ewenl = {10201 o) 1}

Case (iii) p f N~ is non-split in M: We also need to show p f N* in this
case. First consider the subcase where p = pp is split in F (so p is non-split
in K). Recall that we make the identifications i, : (GL2(Q,)x GL2(Q,))/Q ~
H(Qp) and j, : M2(Q,) ~ V, via the isomorphisms corresponding to p in
and that (g1,92) € H(Qp) = (GL2(Qp)x GL2(Q,))/Q,’ acts on V,, = M2(Q,) by
0(g1,92)x = grzgy ' Write 2/ = (1,0’) and &' € Ma(Q,). Let

Ky = {y € Ma(Qp) | 3’ = 0"y} = Qp(0").
Then K, ~ K, is a quadratic field over Q,, as p is non-split in K, and by definition
H, =K.

For h = (hi1,hg) € &, ¢ p, det hy = det hy, and we can verify that the class [h] can
be represented by (g, g) for some g € GL3(Q,). For a non-negative integer m, let
Ozt m = Lp+p™ Ok, be the order of K,/ with conductor p™. Let v : K, — M2(Q,)
be the conjugation map (x) = g~ 'zg and let p’ be the conductor of the order
71 (M2(Zp)) N K,. Thus, v is an optimal embedding of O, ; into M2(Z,). On
the other hand, implies that g='§’g € C™'R,, or equivalently

Y(Oue,) =9 'Oy c,9 C Ry.
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This implies that 0 < j < ¢,. If p | N*, then p is inert in K and ¢, = j = 0. We
see that ~ is an optimal embedding of O,/ into R,, the Eichler order of level N in
Ms(Z,). This implies that p is split in K, which is a contradiction.

Therefore, we have p{ N*. Then R, = Ma(Z,), and by our choice of g,, one can

J —J
verify directly that the conjugation v’ : Ky — M2 (Qy), 7/ (z) = <% ?) T (pO (1)>

also induces an optimal embedding of O; into My(Z,). By Lemma v(z) =
w1/ (z)u for some u € GLy(Z,). It follows that

J
(4.6) ge K, (pO (1)> GL2(Z,,) for some 0 < j < ¢p,

hence [h] = [(g, g)] is represented by

w((%y 1) (% D=y ) osise

Now we treat the subcase where p is inert in I’ but is split in K. Then ¢, =0
by (hC). One verifies that

2 —( 0 op 0  d6p )
T\ =0t 0 )0 \=dst 0 )7

H, :{((8 2) ,a)|aa=dd=a}.

By Iwasawa decomposition, the class [h] can be represented by hs - (u, 1), where

n

h,g :(<p0 p y) 7pn)’ u e SLQ(OFP).
Put s = yp"d,'. Since o(h~!)z’ € R, @ R, we have
NN s p "o (1 — $3) 50 p~"0p (6 — 550)
Q(h’B )Z _( (_pn(S;l 3 ) _pnd;lg 5 )
S MQ(OFP) D MQ(OFP).
Note that dp € O;p and 6 — 0 € Z, as p is unramified in F' and K. The above
implies that s € O, 55 = 1 (mod p") and § = § (mod p™). We conclude that n =0
and y € Op,. If pt N, then R, = M(OF,), and hence [h] = [(12,1)], as desired.
Now assume that p | N*. Then [hs] is represented by (u, 1) for some u € SLy(OF, ).
1 0 rz 1 .

By (4.5), we may assume u = (x 1) or (_1 0) for some x € OF,. A direct
computation shows that

ToFp oF TOOF 00F . 1 0
( 51 B , - B ) if u = ,
, —6p —xTép —x0F —00p" —xTO0p —x60p z 1

u )z = _ —
o) [ 5 736! AN ¢ 1
, - = ifu= .
—6p — 276t —x0pt )\ —00p — 2T80L —wdsy! -1 0
It follows that o(u~!)z’ € R, ® R, would imply that either § — 6 € N*Op, or
dp € N*tOp,, which is a contradiction.

It remains to consider the subcases where either p is ramified in F' or p is inert
in F' but ramified in M. In this case, pt N*, R, = M3(Op, ), and the assumption
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implies ¢, = 0, and write ™" = (a, a) with Ny q(deta) = o® € (Q))?. Let
p be the prime of F' above p. By , p is unramified in F, so there exists a
uniformizer wp, of E, such that N q(wg,) € (Q;)?. It follows that [h] = [(12,1)]
if we can show that

(4.7) a€RyE).

Since po(h™Yz'¢c, € R, ® Ry, we find that a~'aa* € R,, a'ad'a* € R, if and
only if
alaa* € RS, ad'a”! € Ry,

It follows that the conjugation y(z) = aza™! embedds the O -order O := O, [67,]
into R, (03 = <, '¢(dar)sp). By our choice of ¢, (Lemma (ii)), the inclusion
O — R, is an optimal embedding, so to prove , it suffices to show that v is also
an optimal embedding of O into R, by Lemma @ Now suppose that v: O <= R,
is not optimal. Then one can verify that p must be ramified in F’ and in M, ép is
a uniformizer of F', and the maximal order O, = Op, [67"6),]. It follows that O
is the O, -order of conductor p, and + is an (optimal) embedding of Op, into R,.

On the other hand, the conjugation =z — Lo z L 91 is an embedding
0 dF 0 6p

1 0
0 ér
deta € 6pNp/r(Ey)OF , which contradicts to the fact that N q(deta) € (Q))*.

Case (iv) p | N7: In this case, pOr = pp is split in F' by our assumption
in and p is inert in E by (H]. Since RY = {z € D, : n(z) € O } and
ordy (n(Ey)) = 27, it is easy to see that every coset in £, ¢,,] can be represented
by (12,1) and (7p,, p).

We have proved that cosets of [€,,¢,] can be represented by elements in gz,c,p,

of Op, into R,, so by Lemma we have a € R} < ) E,. In particular,

and it is not difficult to show that these cosets represented by gz,c,p are distinct by
the same case-by-case analysis as above. We leave the details to the reader. a

The above proposition suggests the following Heegner condition for M:

(Heeg) Each prime factor of N~ (resp. N) is inert (resp. split) in M.
X 1/ -1 _ (V—dum 0
Choose s € Dy ., such that @ (¢ 0nrso0) = ( 0 _\/%> € H. Let

Pn be the set of divisors of N. For every positive integer m|C and N € Py, we
define wpr,s,¢(™ € Hp by

S = I_I(Cp,detg][,)7 wy = H (_01 (1)> H (7D, D),

p<oo p|N,p|N+ plN,p|N—

—ordp(m) —ord,(m) 0
(m) _ Lop P
M= 11 (0 1 ) I] ( 0 1) '

p:split in M . split in F
p'non—split in M

Suppose that M satisfies (Heeg]). By Proposition &,,c is not empty and

(4.8) Enc = (™ wnr | N C Py m | CY.
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4.4. Bessel periods and toric period integrals. In this subsection, we express
certain normalized Bessel periods in terms of toric period integrals. We begin with
some notation. Let O := RN E be an Op-order of F and for each positive integer
m, put Op, = Op + m(9E| If L/Q is quadratic, put Or ., = Z + mQOp. Define the
rational number vg,ps ., by

v/ = 805/051 ) - 207 /OF) 7,
and define the integer tg ,,, by
tem =1 {a:FX € EX/F* |z e @;ﬁx}.

Note that tg ., divides the order of the torsion subgroup of O).

Let X denote the space of finite order Hecke characters ¢ : K*A*\ K — zZ".
For each ¢ € X, of conductor COk, we define the normalized Bessel period by
B 2 _62W(1+5E) te o

be.5:0 " (Zoy/m)kithe wg o

where Q5 € Z[\/%T{][X, Yok, is defined by

(4.9) - (Beg,s,6(90), @s)2r, € C,

Qs =((x. )5 ()1 @)

=(X2+ (0 + )XY +66Y2)k2 . (Im §)~ (k1 Fhat2),

ky+kot2
Z

For a Hecke character x : EXF\Ex — C*, define the toric period integral by
Pk = [ () @ (XY, Eleh)a - x(O)dk
(Ex/FX]
By the definition of (") for m|C, one can check easily that
(") THEL x 05)s™ C Th(R) x H(Z),
where T3(R) is the group of diagonal matrices in H, so we see easily that
P(£,6 0 Npy,6™) = H(0™/O7) il - Om(f 6 0 Nisyxc),
where
Om(f,¢oNg/K) := > (X Y1) © (X2Y2)", £(6¢"™) 2k - (N ic (1))
[tleEXFX\E* /O

Let 9+ | NT be an ideal of O and 91 = MTN~. For each prime p{ N~ of Op,
choose an element wy p, € F¢ generating 91. We define the Atkin-Lehner operator

Tn,p € D* as follows:

0 1\ . _ . _
™,p = <w‘n7p 0) lfPTN and T, = TD, if p|N .

Let Ry+ be the Eichler order of level 9. Suppose that f € A (D}, Egﬁ) is an
eigenform of Atkin-Lehner operators 7y, with eigenvalues €, (f) € {£1}. Namely,

I general, O may not be the maximal order Og unless (Ap, Ag) = 1.
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f(hto p) = €p(f) - £(h). By definition, €,(f) =1 if p { N. Put
ef.o)= [l O+eaEoNex®)™)

pINY,
p=p:inert in F'
X H (1 +ep(F)eg(F)d(Np/x (B))"»7"7),

_pIN,
p=pp:split in F

(4.10)

where p denotes a prime ideal of Of and
e ¥ is a prime ideal of O lying above p.
e n, = ordy (M) (= ord, (NTN)).

Proposition 4.7. Suppose that M satisfies (Heeg)) and (rFK|) and let C be an
integer satisfying (LC|). Let ¢ € X5 of conductor COk. Then we have

Bi, s =¢lf,0) - Oc(f,poNg/k).
Proof. Note that
Qs(X,Y) = pe(*€) (X7 +Y?)")(det o) 1+

Imd —Reod .
for & = (750 T7) (o). Putting ¥0) = (9oe(0). QXY by

Lemma [3:2] and a routine computation, we obtain
Pl (0(s0)z) =TI (P (0500 )2E0c ), (X2 4 Y2)M2) oy,
(1465 v—1 0
—e 2 (1+55)<PE(127 < O B _1))7(X2 +Y2)k§2>2k2
:e—2w(1+63) (_2\/j1)k1+k2 (lel)kl ® (X2Y2>k2 )
Therefore, by Proposition [£.2] and Proposition [4.6] we find that

62W(1+5S)tE c /
" _ , (0]
= : [ih - (poc (2),£(th))2k - (NE K (t))dt
0r5:0 (=2v/=1)ktk20pg 5 o Z [EX/FX] - /
h€&s ¢
= Z Mh P(f,(bONE/K,COOh),
hegz,c

where pj, 1= vol(H,(Af) Nhidh™',day)~!. Since ¢ has conductor COk and E/K
is unramified at prime factors of C, one can verify that

P(f,¢oNg /i, s™wy) =0

unless m = C. On the other hand, using the proofs in Proposition [1.6] one can
verify easily that

H, Nl

Hee) = M—,
¢ pc Hy NEUE !

) =4#05/05.0);

_ 1 C7Y\ .. . o ct o\.. .
where z;, = o(s, Dz, & = (0 1 > if p is split in M and &, = ( 0 1) if pis
inert in M. We thus obtain

B;f,S,dJ :ﬁ(@x/@é)tbﬂC Z P(f’¢ONE/K7<(C)wN),
NCPn
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If p | N, then p = pp split in F/Q, and by definition
P(£,¢0Npx.s “wy) = 6 (O)eg(£)P(F, ¢ 0 N e, ().
If p | N*, then p is split in M. Let B be a prime ideal of O above p and let
p=0OrNP. For z € F*, put
1 0\ _
dngp <O I) §p1.

According to the recipe of ¢, in Lemma (i), we see that d, € £, and ordy(z) =
ords(d;). Choosing wy € F,* with ord,(wn) = ny for every p|p, we have

£, = azh @ (0 0)) = [T eplt) - (0216,

—TMm 0
plp

As ordyp (dw,,) = np, we obtain
P(t,¢ 0Ny, « Dwy) =(I] e(E)oNgyw(R)™) - P(E, 6 0 Npyse, (D).
Blplp
This completes the proof. [l
Remark 4.8. In the case F = Q@ Q, M = (N;, NJ}), we have f = f; ® 5, where

f; is a Wy, (C)-valued modular form on (Dy ® A)* for ¢ = 1,2. For a finite order
Hecke character ¢ : K*A*\K — C*, we put

P(fi,qb,h):/KXQX\KX((XiYi)k’?,fi(th)>2;€,i¢(t)dt (i=1,2).

Then one verifies that

P(f7 ¢ © NE/Ka g(C)) :P(f17 (rbv g(C))P(f27 ¢717 g(C))'
5. THE NON-VANISHING OF BESSEL PERIODS

5.1. Integrality of Yoshida lifts. Let ¢ { 2N be a rational prime and fix an
isomorphism ¢, : C ~ Q,. Let Q be the algebraic closure of Q in C and let
A be the place of Q induced by t,. Let Oy be the completion of the algebraic
integers Z along A and let [ be the prime ideal of Op lying under . Embedd
F® Qi — Fi® F, z — (t(x),(T)). Recall that in we have chosen a real
quadratic field F’ in which ¢ splits and fixed an isomorphism ®p : Hq ® F' ~
Dy ® F' such that ®p/(Oug ® Zy) = Op, ® Zg. Then <I>;,1 gives rise to a morphism
Tt i= T 0 ®p) 2 D) — Aut Wi, (Q,) induced by
Dy ~H®F @ Q< My(F(v—1) & Fi(vV—1)) = Ma(Q, ® Q).
By construction, we have 7 : R} ~ (Oug ® Zy @ Op)* — Aut Wy (O,) and
Tei(y) = 7(7) € Aut Wy (Q) for v € D*.
Define the f-adic avatar f : DX — Wi(Qy) of £ by /f\(h) = m1(h; HE(R). By
definition, we can verify that
F(vhuz) = TE,[(UZI)?(h) (ye D*,ue R, ze€ FX).
Hence the values of f are determined by those at representatives of the finite double
coset Dx\ﬁX /R*, and we can normalize f by multiplying a scalar in sz so that
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f takes values in Wi (O,) and f 0 (mod A). In what follows, we assume f is
normaliazed as above.

Proposition 5.1. Suppose that £ > 2k;. The classical Yoshida lift 0f has A-integral
Fourier expansion.

Proof. From the Fourier expansion )¢ a(S)q® of O in Proposition we have
a(S) = > wun, (Pu(z),f(hs))2x

[hy]€l€x]
= Z wz,hf<PE(Q(h£_1)Z)7f(hf)>2E~
[hy]€[€x]
We note that Py(o(h, ')z) € Ox[X1, Yi]ak, ®OA[X2, Ya]or, @ OA[X, Y]ak, since hy €
&, implies that o(h; '2) € Ry = @5 (Ong ® Zs) ® Op, and Py(z) is a polynomial
on H®? with coefficients in Z which takes value in Z[1/2] on Oy,. Combined with

the fact that the pairing (-,-) on Wi (O,) takes value in Oy if £ > 2k, we see
immediately that a(S) € L,(O5). O

Now we fix a prime ¢ > 2k; and retain the notation M, K,§,z,C,... and the
hypotheses (rFK]), (Heeg) and (hC) in the previous section. We relate the non-

vanishing of Bessel periods (modulo ) to the non-vanishing of Fourier coefficients
of Yoshida lifts.

Lemma 5.2. Assume that ¢ { 2CAg. Let ¢ € X of conductor COg. Then
B}, 5,6 € Ox, and if By 5 4 # 0(mod \), then there exists some S' € Ay such
that det S’ = C?Ak /4 and

a(S") # 0(mod \).

Proof. Let S = S,. By definitions (4.2]) and (4.9), the normalized Bessel period
B}, 5.4 Is equal to

o2. €2W(1+6S)tE,C VE/M.C
(,2 /*1)k1+k2UE/M,C B

where [t] runs over the finite double cosets E* B\ E*/ @é and

to =1 {:cEO € BX/E |z € @CEO} .

(5.1) (W, 5(j(t)gc), Qs)ak, - 6(Ne/k (1)),

tk,c

Note that tx ¢ divides the order of the torsion subgroup of OIX()C and hence
tx,c € Z, as L Ag. By strong approximation, for ¢t € E* we can decompose

U(Ng/k(t) = agus with a; € GL2(Q) and u; € GLQ(Z). Put ~; := v/det at_latfc
and S7 = *v,Sv;. Applying (2.2) and the computation in Proposition we can
verify that

Woe s(3(t)gc) = pu(*y; Ha(s)e 2100,
hence (5.1)) is equal to

C2
(—2ﬁ;51’+ckzt;< B > (@(S7), (det 37 ) - pr(“)Qs)2ks - O(Np i (t).
C

A little computation shows that
(det 77* 1+ - pe(*9)Qs = Qs
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so we obtain
C? te.c

(5.2)  Bgse= (C2v—_1)k+ha tro

D (al87), Qs )any - #(Ng /e (8).
(1]

Note that S7* € Ha(Q) and det S = C2Af /4. If a(S7) # 0, then S7* € Ay, and
Qs € Z[ﬁ}[){, Y]. This shows that

1
(a(S™), Qs )k, € O)\[CAK].
By (5.2), we conclude that if Bj g, # 0(mod A), then a(S7) # 0(mod A) for
some ¢ € EX. This completes the proof. ([l

5.2. The non-vanishing of Yoshida lifts. We investigate the problem of the
non-vanishing of Yoshida lifts modulo A in the case of F = Q® Q. Let (f1, f2) be a
pair of elliptic newforms of weight (k;+2, ko+2) and level (To(N;"N7),To(No N7)).
Let N = Lem(N;N=,NSN~) and " = (N;7,NJ7). Suppose further that
f e A (Djy, R;H) is the normalized newform associated with (f1, f2) in the sense

of
Theorem 5.3. Suppose that
(LR) For every q | N with ¢ = qq split in F' and ordq(M) = ordg(MN) > 0,

eq(f) = e(f).

Assume that £ satisfies the following conditions

(i) €> 2k and L12N;

(i) the residual A-adic Galois representationp, y : Gal(Q/Q) — GLa(Fy) (i =

1,2) is absolutely irreducible.

Then 0f = Y gcp, a(S)q® # 0(mod ). Moreover, for every imaginary quadratic
field K with (Heeg)) and (¢, Ax) =1, there exist infinitely many S € Ay such that
Q(v—detS) = K and a(S) # 0(mod X).

Proof. Let K be as above. We choose a prime p { {NAg and let ¢ € X5 of
conductor p"Ok. Then M = K satisfies (Heeg)), (rFK)), and C' = p™ satisfies (hC]).
By Proposition (EF = K @ K) and Remark [4.8] we see that f = f; ® f> and

Bzf,s,¢ = €<f, d)) : G)p" (f17 ¢)@p" (an ¢_1)7

where

Opn (£, %) = > (XY3)" £ (8 ) ) ag, - 7 ().

ek \E> /O .

Now under our assumptions, one can show that O, (f1, #) and O, (fa, ¢ 1) are
both nonzero modulo A for all but finitely many ¢ € X}, of p-power conductor by the
same arguments in [CHI6, Theorem 5.9] (replace Fy(g) by F_(g) := ((X;Y:)*,£:(9))
in the proof). In addition, the condition (LR) implies that e(f, ¢) Z 0 mod A as
long as ¢ is sufficiently ramified. Therefore, the theorem follows from Lemma [5.2]
immediately. (I
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