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Abstract

We use Tkehata’s enclosure method to reconstruct penetrable unknown in-
clusions in a plane elastic body in time-harmonic waves. Complex geometrical
optics solutions with complex polynomial phases are adopted as the probing
utility. In a situation similar to ours, due to the presence of a zeroth order
term in the equation, some technical assumptions need to be assumed in early
researches. In a recent work of Sini and Yoshida, they succeeded in abandon-
ing these assumptions by using a different idea to obtain a crucial estimate.
In particular the boundaries of the inclusions need only to be Lipschitz. In
this work we apply the same idea to our model. It’s interesting that, with
more careful treatment, we find the boundaries of the inclusions can in fact
be assumed to be only continuous.

Keywords: enclosure method, reconstruction, complex geometrical optics
solutions, time-harmonic elastic waves.

1 Introduction

In this paper we consider the inverse problem of reconstructing penetrable unknown
inclusions in a plane elastic body by boundary measurements. In [17] and [19], the
same problem is considered in the context of elastostatics. In the present work we
shall consider the situation when time-harmonic waves are applied. The mathemat-
ical model is described in the following.

1.1 Mathematical model

Let Q C R? be a bounded domain (open connected set) occupied by our object, which
consists of an elastic body as background and some unknown inclusions therein. For
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simplicity we assume 2 has C* boundary. The background elastic body will be
assumed to be homogeneous and isotropic with Lamé constants denoted by \g and
1o- Denote the region of unknown inclusions by D. D is an open subset of {2 with
D C Q. The inclusions are also assumed to be isotropic but may be inhomogeneous.
Denote the differences between the Lamé coefficients of the inclusions and the back-
ground by Ap and pp, which are assumed to be in L>(Q2), with A\p = up = 0 on
Q\ D. So the Lamé coefficients A and p of the whole object on ) are given by

A=X+Ap and n= o+ Up.

For simplicity we also assume our object has unit density. Now, consider we send
a time-harmonic elastic wave with time dependence e*** into . By singling out the
space part we have the displacement field u, which is a two-component vector-valued
function, satisfying

V(o) +ku=0 inQ. (1.1)

Here, for any displacement field v (which we will assumed to be a column vector),
o(v) is the corresponding stress tensor, which is represented by a 2 x 2 matrix:

o(v) = MV - V) Iy + 21e(v),

where I, is the 2 x 2 identity matrix and e(v) = (Vv + (Vv)T) denotes the in-
finitesimal strain tensor. Note that for v = (vi,v2)”, Vv denotes the 2 x 2 matrix
whose j-th row is Vv, for j = 1,2. And for a 2 x 2 matrix function A, V- A denotes
the column vector whose j-th component is the divergence of the j-th row of A for
j=1,2

For D = (), that is for the case with no inclusion, the corresponding displacement
field will usually be denoted by ug, which satisfies

A\ (0’0(110)) + k'QUO =0 in Q, (12)
where
oo(v) = XA(V - v) s + 2pupe(v)

for any displacement field v. Accordingly, we will use op(v) to denote o(v) — oo (v),
le.
op(v) = Ap(V - v) Iy + 2upe(v).

We assume g, 1o and A, p satisfy the conditions

Ao+ 219 > 0, po >0, and

1.3
A+2u >0, p>0 on €, (13)

which ensure respectively that —V - 0p and —V - ¢ are strongly elliptic operators.
In particular the two operators both have at most countably many Dirichlet eigen-
values. As a consequence, we can readily choose (and will choose) k € R so that k?
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is neither an eigenvalue of —V - gy nor an eigenvalue of —V - ¢. In this situation,
the Dirichlet boundary value problems corresponding to (1.1) and (1.2) have unique
solutions (see e.g. Ch.4 of [11]). Thus we can define the Dirichlet-to-Neumann maps
Ap and Ag, both from Hz(9Q)2 to H~2(8Q)2, by

Apf =o(u)vlon and  Apf = o(ug)van, (1.4)

where v is the unit outer normal on 92 and u and ug solve respectively (1.1)
and (1.2) with Dirichlet boundary data f. The goal is to determine the unknown
inclusions from the knowledge of Ap and Ay.

1.2 The method and improvement

We will utilize the enclosure-type method to reconstruct the unknown inclusions.
Such kind of methods are initiated by Ikehata and have been successfully applied
to a various type of reconstruction problems; see for example [4, 6, 8, 9]. In this
method, complex geometrical optics (CGO) solutions usually play the important role
of the probing utility. In his early works, Ikehata use the Calderén type harmonic
function [1] e ©@+«") with w € S"! [6, 5]. It looks like one uses lines (planes) to
enclose the obstacle (and hence the name). As a consequence a connected inclusion
is required to be convex for a complete identification, and in general only its convex
hull can be determined. One can refer to the survey paper [7] for detailed explanation
and early development of this theory. In [15], [14] and [3], the authors utilize the
complex spherical wave solutions and some concave parts of unknown inclusions can
be determined. In [18], the authors proposed a framework of constructing CGO
solutions with general phases for some elliptic systems in two-dimension. In the
same paper they then applied CGO solutions with complex polynomial phases to
conductivity equations, and inclusions with more general shapes can be determined.
This type of CGO solutions were later applied to other equations, for example [19]
for static elastic systems and [13] for Helmholtz equations. In this work we will also
apply CGO solutions with complex polynomial phases to our problem, of which the
governing equations are the Helmholtz type elastic systems (1.1) and (1.2).

A crucial point in our problem, as in [6, 14, 13|, is the presence of the zeroth
order term. Due to this, some technical assumptions are needed in early researches.
In particular 9D is assumed to be C2. However in the recent work [16] of Sini and
Yoshida, by using a different idea to obtain a crucial estimate, they succeeded in
abandoning these technical assumptions, and in particular D can be only Lipschitz.
In this paper, we apply the same idea to our model. With more careful treatment, we
find the boundaries of the inclusions can in fact be assumed to be only continuous.
More detailed discussions are given in the remark after our main theorem, Theorem
4.1.

In the following we give a sketch of this paper as well as a rough idea of the
whole process of the enclosure method. In section 2, we introduce a functional E
on H %(89)2, which will be called the indicator functional in this paper. And then
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we give an upper bound and a lower bound of E, which play central roles in the
proof of the main theorem. In fact, we will construct a family f;, € H %(89)2 as
input data into F, and the limiting behavior of the output data, for various d, will
indicate the location of dD. The construction of £y, is based on the construction
of CGO solutions for (1.2), which is given in section 3. By using the Helmholtz
decomposition and the Vekua transform, this construction is much the same as in
[13]. The main theorem concerning the limiting behavior of E on f;, as well as
discussions on the implication, the idea of proof and our improvement, are given in
section 4.

2 The indicator functional

In this section we introduce the functional £ on Hz (092) defined by

B = [ (40— Ao)]-Fds,

where the Dirichlet-to-Neumann maps Ap and Ay are defined in (1.4). E will be
called the indicator functional (according to Ikehata’s indicator function [5]), which
plays a central role in the enclosure method. Intuitively, it measures, for a fixed
Dirichlet boundary data, the difference between the tractions corresponding to the
situations with and without D.

Now let u and uy € H'(Q)? satisfy (1.1) and (1.2) respectively with the same
boundary condition f € Hz(8Q)2, and let w = u — uy. The goal in this section
is to prove Lemma 2.2, which gives a lower bound and an upper bound of E(f) in

terms of uy and w. To this end, we first give two identities. Note that we use |A]
1/2
to denote (Z a? ) for a matrix A = (a;;).

i,j 1J

Lemma 2.1. We have the following two identities:

6(110) — %(V . UQ)]Q

2
}da:

2}d:c 2.1)

2
}da:

2}@ (22)

B - [ {<AD+MD>|v-uo|2+2uD

- [ i s 2w - 5w

+/k2 \w|” du;
Q

B(f) :/D{QDMD) V- uf + 20

e(u) — %(V -u)ls

—I—/Q{()\O‘FMO)W'W’Q‘FQMO E(W)—%(V'W)[2

—/kz2 \w|? d.
0




Lemma 2.2. Assume that the Lamé coefficients \g, po and X, p satisfy the strong
convexity condition, that s

Ao+ o, po>0 and A+ p, p>0,
then we have the following upper bound and lower bound of E(f):

B(f) < / o+ 110) |V - o da
D

2
+2/,uD dm+/k2 \w|? da;
D Q

E(f)>/ (Ap + pp)(Ao + fo) |V-u0|2dx
~Jp At p

2
-1—2/ FbHo dx—/kQ \w|? da.
D M Q

Proof. The upper bound of E(f) follows immediately from (2.1) (by omitting the
second integral). On the other hand, from (2.2) we have
2
}dx

2}d:v (23)

(o)~ (V- uo)ls

6(110) - %(V : 110)]2

E(f>Z/D{()‘D+ND)|V'u|2+2MD

e(u) %(v W)k

+/ {()\0+M0)|V'W|2+2;L0
D

— / k*|w|?dx.
Q

And the lower bound follows from the following two identities, of which the verifi-
cations are straightforward (by using w = u — uy).

e(w) — %(v W),

(i)
(Ap + pp) [V - uf* + (Ao + o) [V - w”
Ao + fo )2 (Ap + pp) (Ao + ko) 2
=(VA+uV-u-— V-u + V -upl”.
< H T 0 N+ | ol
(i)
1 2 1 2
2up (e(u) = (V)b + 2p0 e(w) = S (V- W)
2[10 2 2#[)#0 1 2
= ; \ 2,LLbz] - \/ﬂbgj 6(110) - é(V : uO)]g s
where
1 0 1
(bU) = E(ll) - §(V : 11)]2 and (bZJ) = E(ll()) - E(V : Ll())]g.



]

For completeness we give the proof of Lemma 2.1 in the following. Before doing
so, note that we have the following basic formulae:

V- (o(u)v)= (V- o)) v+tric(u)Vv); (2.4)
tr(c(u)Vv) = tr(c(v)Vu). (2.5)
Here tr(-) is the trace of matrices. And

tr(o(W)Va) = (A + 1)|V - uf’ + 24 |e(w) — %(v )| . (2.6)

These formulae are easy to check and we shall omit the proof. Also note that we
have similar formulae with ¢ replaced by oq, op, etc.
Now we give the proof of Lemma 2.1

Proof of Lemma 2.1. First note that [,, Apf-fds and [, Agf-fds are real. In fact,
by definition we have

/ Apf - fds = / (c(u)v) - uds = / (c(u)') - vdz.
G9) o0 o)
By divergence theorem and (2.4) we then get

/QQADf-fds:/Q(V-J(u))-ﬁder/Qtr(a(u)Vﬁ)dx -

:/—k2u~ud:c—|—/tr(a(u)Vﬁ)dw,
Q Q

which is real. Similarly [, Agf - fds is real.
Since u and ug both equal f on 0%, similar to (2.7) we have

/ Apf - fds = / —k*u - tigdx + / tr(o(u)Vug)dz; (2.8)
20 Q Q

/ Aof - fds = / —k*u - udzr + / tr(oo(ug)Va)dz. (2.9)
Ge) 0

Q

Take complex conjugation of (2.8) and by (2.5) we get
/ Apf - fds = / —k*u, - udzr + / tr(o(ug)Vua)dz. (2.10)
o0 Q 0
Then subtract (2.9) from (2.10) we obtain

E(f) = /Qt?"(O'D(uD)Vﬁ)d.CE. (211)



On the other hand,

/QkQW -wdz = /Q(k:Qu — k) - wdz = —/QV - (o(n) — go(ug)) - wdz.

Note that w € HJ(2)?, thus integration by parts gives

/{32/Q|W| dx = /Qtr [(o(u) — o¢(ug)) VW] dx. (2.12)

Now, substituting u = w + ug into the right-hand side of (2.12), and by (2.11), we
get

k2/9|w|2dx:/QtT(J(W)VV_V)dx—/tr(aD(uO)Vﬁg)d:p—l—E(f). (2.13)

Q

And the first identity (2.1) follows from (2.6).
Similarly, by substituting uy = u — w into the right-hand side of (2.12) we will
obtain (2.2). O

3 The testing boundary data

In this section we construct the boundary data to be input into F for detecting
the location of dD. For this purpose, we first introduce the CGO solutions with
complex polynomial phases.

3.1 CGO solutions with complex polynomial phases

We are to construct CGO solutions with complex polynomial phases to
V.oo(v)+k*>=0 (inR?). (3.1)

Suppose that v € C*°(R?)? satisfies the above eqaution. By Helmholtz decomposi-
tion, we can write

v=Vp+ Vi

for some smooth scalar functions ¢ and 1, where V411 := (=01, 919)T (and here
we also regard Vi as a column vector). Then ¢ and 1 satisfy

V(Ao + 200)Ap + k*0) + V(oA + k*) = 0.

1/2 1/2
Let ky = (/\O_Ii—;m) and ky = <;’j_(2)> . From the above equation it’s easy to see
that conversely for any ¢ and 1) € C*(R?) satisfying
Ap+kip =0
{ A+ kG =0, (32)



v = Vp + V14 is a solution to (3.1). Moreover, if ¢ and ¢ are CGO solutions to
(3.2), then v is a CGO solution to (3.1).

It is not difficult to construct CGO solutions to (3.2) by using the Vekua trans-
form, which transforms a harmonic function to a solution to a Helmholtz equation.
Precisely, for any real constant w, the Vekua transform 7, associated with w is
defined as follows:

T () (x) = u(x) — /O u(tx)%{]o(w|x|\/—1—t)}dt

for a function u, where .Jy is the zero order Bessel function of the first kind. If u is
a harmonic function, then T, (u) satisfies

A (Ty(u)) + w? (T, (v)) = 0.

This formula is derived by I. N. Vekua. One can refer to [20] for details and other
related results.

In the following we adopt the same idea as in [19] and [13] to construct CGO
solutions with complex polynomial phases. Given N € N and g € C with |8] = 1,
let p = pn g be the function on R? defined by

p(x) = Blay + ixy) ", (3.3)

which, by regarding R? as the complex plane C, is a complex polynomial. Then we
define

I'=Tng:= {r(cos@,sin@) > 0,10 — 0] < %}, (3.4)

the open cone with axis 6 = 6y and open angle /N, where 6 is such that § = e~V

Let 7 = 7y 5 := Re{pns}. Note that in I' we have
7(x) = 7" cos N(0 — o) > 0,

where x = r(cos 6,sin6).
Now for any constant A > 0, e% is harmonic (since it is holomorphic by regarding
R? as C), and hence

Y = $h = Tk1 (6£) and ¢ = wh = TkQ (6%)

satisfy (3.2). Moreover, ¢, and 1, are CGO solutions. In fact, we can write

p(x) p(x)
on(x) =€ (1+ Rpi(x)) and 9p(x) = e (1+ Rp2(x)) (3.5)
with Ry, (I = 1,2) satisfying the following estimates in I'":
k2 2
[Rna| < h L ;
’ 47(x) (3.6)
NE <[ K|y '

8Rh7l (X)
(9.7:]-

47(x) 2r(x)" 7 L2



These estimates are established in [13, Lemma 2.1]. In this study we will also need
estimates of the second derivatives of R}, ;, which are not hard to derive in the same
manner as the derivation of (3.6) given in [13]. Actually, by repeatedly applying the
following well-known recurrence formulae

dJo(t)
dt

i(tjl) — tjo(t),

=—Ji(t), Vt >0
dt 1()7 - Yy

where J; is the Bessel function of the first kind of order 1, and using the basic
estimates

t
[ < 5, [h@®] <1, vt =0,

the verification of the following estimates are direct (although somewhat lengthy):

- 1 (leN2|X|2N)
~h\ 47n(x)
KEN(N = DY kNN (o] + )
( Ay (x) 27N (%) )

Kl laille;] k2o
+h ( Iy () 2 (x)

82Rh7Z(X)
Gxiéxj

(3.7)

in I', for 1 <1,7,5 <2, where d;; is the Kronecker delta.

Let diam(€2) denote the diameter of 2. By (3.6) and (3.7) there exists a constant
Cr = Cgr(Xo, pto, k, N, B, diam(£2)) > 0 such that for any 0 < h < 1,1 < [,i,j < 2
and x € [' N €,

Now v = vy, := Vo, + V1, is a CGO solution to (3.1). vj, can be written down

explicitly as follows:
w [ Qpi(x
w(x) X ( Q:;Exi ) ’

where

Onr (o) = E@gg (14 Ry (x)) + Ma—(x)}
_ {lap_(x) + M]

B om, (LT An2(x) +—5



and

R b R NCS)

1 0p(x)
+ |:h 8331

ORp1(x)
+ 81‘2
athQ (X)
+ 8.73'1 :| .

(3.10)

(14 Rn2(x))

Thus for 0 < h <1 and i = 1,2, from (3.8) we have the following estimates for @,
in['NQ:

N-1
Qna(x)] < % (1 5, Cn ) , 2
N ~ 7(x) 7(x) 1)

< % + 2 .

=T
and for j = 1,2
2] < 2T v e ) + 2
Oz, h T(X) 7(x) -
=2 \T) e

where Cr = Cr( Mo, fio, k, N, 8, diam/(2)) > 0 is a constant.

3.2 The testing boundary data

Note that from the discussion above the CGO solutions vy, are controllable in I' N 2.
In the following we go on to follow the idea in [19] and [13] to modify v into a
family of functions localized in I'.

For t > 0, let

f = {xel:r(x) = %}, (3.13)

the level curve of 7 in I' at % In fact, any level curve of 7 = 7x 3 has N branches,
and the cone I' = I'y 3 just contains one branch with the two edges of I' being the
asymptotes of that branch. Also note that when ¢ is larger, the curve ¢; is closer to
the origin. (We refer to Figure 2 in [13] for an illustration.) Then for d > 0 let

Fd = FN,B,d = U gt' (314)

0<t<d

Note that for d; > dy > 0 we have I'y, C I'y,.
In the following we fix an € > 0 and a compact interval J C (0, 00). Let {¢pg}acs
be a family of smooth cut-off functions such that
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(ii) ¢q(x) =1 (resp. 0) for x € Tgi. (resp. x € R?\ T'yys.), and

(iii) for some Cy > 0, we have |0 ¢pq(x)| < Cy for each multiindex o with |or| < 2,
for each x € 2 and for each d € J.

The existence of such family {¢4} is obvious and we omit a precise construction.
Now let

Pan(X) := da(x)e vy, € CP(R?)?. (3.15)

It is the traces of these pgj on 0€) that will be the testing data to be input into E. In
fact, we will see that the behavior of E(pan|an) as h — 07 tells whether I'; intersects
D or not. Now note that although pgy is controllable from the discussion above, it
is no longer a solution to (3.1). However, to get information from E(pgp|aq) we will
need estimates related to the solution of (3.1) with boundary condition pgp|sq. But
indeed for small A controllability of pgs gives controllability of the true solution of
(3.1) with the same boundary condition. We explain this precisely in the following.
Let ug 4, satisty

{ V- oo(wgan) + k*ugan =0 inQ (3.16)
Uo.4h = Pdnloo on 0.
And let
Wh = Pd,n — U0,d,h, (3.17)
then w;, satisfies
{ V- oo(wWy) + k*wy, =V - 00(Pap) + k*pasr in Q (3.18)
wy, =0 on 0f).
Let
gn =V - 00(Pan) + K*Pan, (3.19)

then we have the following lemma.

Lemma 3.1. There exists positive constants Cy and C (depending on S, g, o, k)
such that for 0 <h <1 andd € J

C _1/1__1
Wl < Chllgnllzq)z < ﬁe nla= @),

In particular, there exists 0 < hy < 1 such that for 0 < h < hg and d € J, there is a
positive constant C' = C'(§2, Ao, po, k) such that

Iwallin o < Cillgll iz < C'e i),
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Proof. Note that in this paper for any two vectors a and b, we define a ® b to be
the matrix whose 7j-th entry is a;b;.

That ||[Wh|lgi@)2 < Cillghlr2@)2 for some Cy is classical. So we need only to
estimate ||gp||L2(q)2-

Since pgn(x) = da(x)eRivy, we have

e V(Y - (9avi)) + 10V (V(@avn) + (T (6avi)T) + K 6avi )
e 11 { X[V (V- vi) + V6a(V - vi)]

+ 11V - [Vh @ Vg + Vo @ vy ]
+ 1o(Vvn + (Vvi)") Ve

+ ¢alV - o0(vi) + kQVh]}'

Because V - 0g(vy,) + k*vi, = 0 and V¢ = 0 outside g 9. \ Tgy., we have

gh

_ 1
lgnllz2@)2 < Coge™ 2 ||Vl a1 (0 00\Duso)n0)? (3.20)

for some positive constant C, = Cy( Ao, t0, Cyp).

By (311), for X € (Fd+2€ \ Fd+€) N Q’

(

x)
h \/|Qh,1(x>|2+|Qh,2(X)‘2
< V3R {O_ e } < Ch s

vi(x)| = e

h  7(x)

for some positive constant C', = Cy( Ao, to, k, diamS2). Hence we have the following

estimate:
O/ 27(x)
thHLQ((FdJrQe\FdJra)mQ)Z < TR / e r dx
(Cat2e\La4e)NQ

Similarly by (3.11) and (3.12) we have

N

1

1
C 27(x) 2
vah||L2((Fd+2s\rd+a)ﬁ9)2 < h_f / e dx .
(Tat2e\la+e)N02

/ 62T}<LX) dx S ’(Fd+28 \ Fd+€) N Q’e%ﬁ7
(Tgt2:\Ta1e)NQ

Since

we have

1,1 1)

_ 1 _1 _1
lgnll 2@ < Coe™ ™ [Vallart((rapaararne2 < 75¢ n(aave), (3.21)

where C' depends only on Ag, o, k and €.
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4 The main theorem for the reconstruction of un-
known inclusions

We now come to considering our inverse problem of reconstructing D. For the main
theorem we make the following three assumptions (in addition to those already made
in the introduction) throughout this section.

1. We assume V - gy and V - ¢ satisfy the strong convexity condition (but not
only the strong elliptic condition (1.3)):

Ao+ po >0, po > 0;
A4+pu>0, >0 on .

Thus, in particular, Lemma 2.2 applies.
2. (Ap+ pup)up > 0on D.

3. For any y € 0D, there exists a ball B,(y) such that one of the following jump
conditions holds:

(i) pp(x)>r,  Ap(x)+pup(x)>0, Vxe B.(y)ND; (4.1)
(i) pp(x) < —r, Ap(x)+pup(x) <0, Vxe B.(y)NnD. '

Now assume the origin 0 is outside .! As in section 3, in the following we fix
an N € N, a € Cwith || =1, an € > 0, and a compact interval J C (0,00). And
recall the definition of p, I', ¢;, 'y, and pgy, in (3.3), (3.4), (3.13), (3.14), and (3.15)
respectively. Also recall that we use 7 to denote Re(p). Let

sup 7(x), if DNT #

Sy 1= xeDNr

0, if DNT =10.
Note that D NT # () if and only if s, > 0, and in this situation ¢;,, is a curve just

touching 9D, i.e. £/, N D = (175, NOD # 0.
For notational simplicity let f; ), := panlon. Recall that ug 4, satisfies

V- UO(Udeyh) + kzuo,d,h =0 inQ
Ug.dn = fd,h on 0f).

Similarly let ugj be the solution when the inclusion D exists:

V- O'(llth) + k2ud,h =0, inQ
Ugpn = fd,h on 0f).

Tn general, for a = (a;,a2)” a point outside Q, we should use p = B((z; — a1) +i(z2 — az))V,
and similar modifications of I', T'y, etc., and there is a similar result as Theorem 4.1. However as

we can always set the coordinates so that 0 ¢ € in practice, such consideration is not needed.
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Now let Wy, = ugp — ugqn. We have the following two inequalities from Lemma
2.2:

E(f.n) < / (Ap + pp)|V - uo,d,h|2d£13
D

. 2 (4.2)
+ 2/ o [€(o,an) — Q(V Ugap)la| dr+ k2||Wd,hH%2(Q)3
D
A A
E(f) > / (Ao + ,LL/O\)—(F p+ ip) V. uo,d,h|2d56
7
b ot X ) (4.3)
#2 [ B2 40 = (7 o)l do = 1wl
D

They are the key to the following main theorem of this paper.

Theorem 4.1. For d € J and h > 0 small enough, the following conclusions hold:

(A) If DNTyq=0, then
|E(£,)| < Chte la—sa)

&l

for some C' > 0 independent of h, where sq = max(d%s, 84) <

(B) If DNTy # 0 and D has continuous boundary, then there exists a constant ¢,

0<5<s*—§, such that

_6)

-

|E(f4)] > Ch~3er (-~

for some C > 0 independent of h.
(B") If DNTy# 0 and D has C% boundary for % <a<l, then

(s+—3)

=

|E(£,,)] > Ch™Fae

for some C > 0 independent of h.
Before going into the proof of Theorem 4.1, we give two remarks.
Remark 4.1.

1. From Theorem 4.1, we have the following conclusions. In (A), since sq < =,
|E(f4)| tends to zero as h tends to zero. On the other hand, in (B) and in
(B), since s, > 1 |E(f,,)| tends to infinity as & tends to zero. In particular,

from (A) and (B), we have

: L.
S, = inf {E : hli>r(1;1+ |E(fan)| = 0} . (4.4)
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Hence, although we don’t know the limiting behavior of E(f;;,) when I'y just
touches 9D, we can reconstruct 9D in principle. (Of course, due to the ge-
ometric nature of I'y, in fact only “detectable” points can be reconstructed.
An explanation of this point can be found in [18, Corollary 5.4]. Also see [19]
or [13] for a reconstruction algorithm, which is easily modified to be suited
for our case. We omit such discussions in this paper.) From this point of
view, almost no regularity assumption on 0D is essential in the reconstruc-
tion. Nevertheless, for a complete characterization of the limiting behavior of
E(f;), we include (B’) in our theorem, while for this purpose more regularity
assumption has to be made.

. We will use (4.2) and (4.3) to prove Theorem 4.1. Roughly speaking we have
better knowledge of ug 4, than wyy, and the crucial step is to give an ap-
propriate control of ||[wgpl/z2(q) in terms of uggp. For this purpose, in the
corresponding parts of early researches, e.g. [6, 14, 13], some technical as-
sumptions (precisely, positivity of the relative curvature and finiteness of the
number of touching points of ¢;/,, (or say I'/5,) and 9D) have to be made. In
particular 9D is usually assumed to be C?. (In order to apply CGO solutions
with complex polynomial phases, even more technicalities are involved. For
example, in [13, Lemma 3.7], the authors proposed an estimate which is based
on a rather technical result in [10].) In [16], Sini and Yoshida came up with a
totally different method to control ||Wgap||z2(q) (While they did not adopt CGO
solutions with complex polynomial phases). Precisely, they proposed (in our
terminology)

[Wanllz2) < Clluganllwien) (4.5)

for some p < 2, which was proved by using an LP regularity estimate of
Meyers and the Friedrichs’ inequality. In this way the technical assumptions
on the touching point are no more needed and 0D can be assumed to be
only Lipschitz. Inspired by this result, we tried to adopt their idea in our
situation. We find it’s interesting that, with more careful treatment, we find
the boundaries of the inclusions can in fact be assumed to be only continuous.
Moreover, we find in the case of I'; just touching 0D, the regularity assumption
on 9D can be reduced to be C* for any « € (3, 1].

To save notation, in the remaining of this paper we will freely use C' to denote
a constant, which may represent different values at different places.

The following lemma is just (4.5), we give the proof here for the sake of com-

pleteness.

Lemma 4.2. There exist constants C >0 and 1 < gy < 2 such that for qo < q < 2,

W20 < Cl|Vuol|Lo(p),

whenever u and ug € H*(Q)? satisfy (1.1) and (1.2) respectively, u and ug have the
same traces on OS2, and w = u — uy.
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Proof. Let q be the element in H}(2)? satisfying
V- (o(q) +kq=w in Q.

Then, by taking inner product with w and integration by parts, we have

/|w]2dx: —/tr(a(q)Vw)dx—i—kz/q-wdx
0 0 Q

__ / tr(o(w)Vq)dz + 2 / q- wdz. (4.6)
Q Q
On the other hand, note that
V-o(w)+k*w = -V -op(up),
which, by taking inner product with q and integration by parts, gives

—/Qtr(a(W)Vq)dijH/QW-qu:/Qtr(ap(uo)Vq)dx. (4.7)

From (4.6) and (4.7) we get

/Q\W|2dx—/ﬂt7‘(oD(u0)Vq)dx,

Then by Holder’s inequality we have for any 1 < p < oo

/Q|W|2d93 < lop(uo)||zepy VAl Lr (), (4.8)

where ¢ is the conjugate exponent of p.
Now let Q = q. By definition of q we have

V- (0(Q)=w—k?’q inQ
Q=0 on .

Then by [12, Theorem 1], there exist py > 2 such that for each 2 < p < py,

IVallzr@) = IVQIlzre) < C {llallzz@) + Wl } (4.9)

for some C' = C'(k, A\, u) > 0. Note that also by definition of q, we have ||q||;2(q) <
Cllw| r2¢q) for some C' = C(k, A, 1) > 0 (see e.g. [2, Section 6.2, Theorem 6]). So
from (4.9) we have

IVdllzrie) < Cllwll2) (4.10)
for some C' = C(k, A\, u) > 0. Combining (4.8) and (4.10), we have
W22 < ClIV ol Loy l|wll 2 (@)
for some C' = C(k,\, ;) > 0 and 2 < p < pg, and therefore
[Wl[r20) < Cl[Vuol|Lo(p)

for some C' = C(k,A\,u) > 0 and gy < ¢ < 2, where 1 < gy < 2 is the conjugate
exponent of py. ]
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Remark 4.2. Remember that we assume €2 has a smooth boundary for simplicity. In
fact, it is so assumed only to allow direct application of the L? estimates in [12]. In
other words, the regularity condition on 92 really required is just that guarantees

the validity of (4.9).

To make the proof of Theorem 4.1 more concise, some computational results are
collected in the following lemma.

Lemma 4.3. For d € J, we have the following conclusions.

(i) There exsists a constant C' > 0 such that for ¢ >0 and 0 < h <1, we have

IVPanllLopy < Ch™? (/ eZ(T(x)_«li)dx> . (4.11)
DﬂFd+2£

In particular, since s, > 7(x) for x € D N Tgy9., we have
for some C' > 0 independent of h.

(ii) There exist positive constants ¢ and C' such that, for 0 < h <1 and for any
open set U with DN Ty, NU # 0, we have

1 2

e(Pan) — §(V “Pan) 1
LQ(DﬁFd+gﬂU) (412)
> (ch™ — C’hQ)/ er(T9=3) gy
DNLg4.NU

(iii) There exist constants C > 0 and qy < 2 such that for each qo < q < 2 and
0 < h<1, we have

e

2/q
W32y < Cetlaa) + Ch / erT=Dp | . (4.13)
DT g42¢

Proof. (i) Remember that

1 1
Pdh = (p}z,hapgz,h)T = ¢d€ﬁ(p(x)7)(Qh,1, Qn2)",

where Q1 and Qp2 are defined in (3.9) and (3.10) respectively. Then by
definition of ¢, (in page 11), for x € D \ 'y1a., we have pgp(x) = 0. On the
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other hand, by (3.11) and (3.12), we have for x € DN T 2. and 0 < h < 1,

VPan(x)* = )

7l=1,2

— Z Frx)-3)

7,l1=1,2
+ou) [ 120000, + 2]

< CetI-h .

C2
apgl,h
a.’Bl

a¢d( )th( )

(4.14)

2

for some positive constant C' independent of h. Since s, = sup 7(x) and
xeDNr

IVPanl? = (|VPans|?)¥?, we have for 0 < h < 1

for some positive constant C' independent of h.

(ii) We can compute Vi 2 directly by (3.9) and (3.10) for x € D N Lgypoe

Opapn(X) 1 s (O¢a(x) 1 Op(x) OQn,1(x)
oz € ( oz Qh,l—i-E(bd o, Qh,l‘i‘(bd—aq:l >

=t (G (2 05 e 1 )

Il
)

Opan(x) o (@¢d( X) M)

dp(x)
Qna2 + o5 h2 + Gd o

_p et (1 (Op(x) | Op(x) Op(x) /
= v —_— ] —1
¢ et (h2 < 0y * 0y Oy Galx) + I |

( + Rpq) — 5—”(1+Rh2)}

1 3p 8Rh1 . @Rhg i 8p @Rh,l . 3p 8Rh72
8x1 81’2 81’1 (9xl 8]32 8.73[

1 0?p D?*p

+ _¢d |:a$lal’1 (1 + RhJ) B ﬁxl&xg (1 + Rh’2):|

O’R O’R 0 OR OR
+¢d( b h,2> n ®d ( Bl h,2>;

0x;0xr;  0x;07 Ox; \ 0xy Oz
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B dp dp
1= ¢d8$; (0 2Rh1+8 Rh2)

9P 4
h@xl [a S Bua) + 5 +R’“2)]

¢ 3Rh1 3Rh,2 X op aRh,1 op aRh,Z
d 8:Cl 0xy 0xy Oxy Oy Ox, Oz

1 0?p 0?p
— 1 1
+ h¢d {81:18:1:2( + Buy) + 8x18:c1( + Rh’Q)]

O*Rpy 0?Ryo O0dq (ORp1 ~ ORpo
+ (5’@8@ * 8x18x1> + ox; ( 0o + 0xq ) ’

By (3.8), for any x € DN T'yi9. and 0 < h < 1,
| I-1(x)], |- (x)] < CR

for some positive constant C' independent of h.

Then we have for x € DNT g0, and 0 < h <1

1 2

2\€ (Pan) — §(V “Pan)l2

2
> 3pclz,h _ ap?l,h
- 83:1 axg

1 dp (O0p  Op dp (0p  Op 2
> len _ _
- ¢dh [8I1 <8ZE1 81‘2) 8$2 81‘2 + (91‘1
L 2
— €E( ) (Ih 1 — I;L 1)
> e (@) (cg2h ™t — 2Ch7?)

for some positive constants ¢, C' independent of h. Then (ii) of this lemma is

valid.
(iii) By Lemma 4.2, there exist constants C' > 0 and 1 < ¢y < 2 such that
IWanllr2@) < Cl[Vaganllzen)

for each ¢y < ¢ < 2. Therefore replacing ug 4, by pan — Wi, and applying
Holder’s inequality, we have

[Wanllz2) < C VWl Law) + IVPanllLon) }
<C {||VWh||L2(D) + ||Vpd,hHLq(D)}
<C {”VWhHHl(D) + HVPd,hHLq(D)} :

Then by Lemma 3.1 and (4.11), (4.13) follows.
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Now we give the proof of the main theorem.

Proof of Theorem 4.1. (A) By (4.3), we have

|V . uo,d7h|2dx

Bt < [ “Cotiolio tiw)

+2/ —HoMtD
D 1%

+/ kzlwd,h\zdx.
Q

2

1
dx

6<u0,d,h> - §<V . uo,d’h)lg

Therefore, together with (4.2), we have

1B(Ea)] < C {1V 80320y + IWanlio }

for some positive constant C' independent of h. Therefore from Lemma 3.1
and Lemma 4.3, we have, by choosing ¢ = 2, the following estimate:

1B ()] < € { IVl + IVPanllEzo) + I Wanlze) |
<C {e%(ﬁ*%) + h_4e%(s*_5)} :
Therefore for 0 < h <1,
[B(fa)] < € (hlefCo D),

where s; = max(dfs, s+). Moreover we notice that DNT; =0 implies s, < Cll,

and the conslusion (A) follows.
We first consider case (i) of (4.1) and prove the conclusion (B) from (4.3).
= 4

y € 0D NT 4., each neighborhood Uy, of y satisfies D N Ty N Uy # 0. By
the assumption (i) of (4.1), for each y € 9D, there exists ry, such that

Suppose D N Ty # (), then s, > é > % since D is open. Therefore for any

pp(x) >ry, Ap+pp >0, Vxe B, ND. (4.15)

Set K := 0D N {71 = s,} = 0D Nty It’s easy to see that K # (. Since
K is compact and is contained in Uyeg B, (y), there exsits N € N such that
K c UL, B,,(y;), where ry_ is abbreviated to r;. Let D = D\ UYL, B, (y;),
then it is easy to see that there exists 6’ > 0 such that

7(x) <s.—¢ in Dg.
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Therefore for gy < ¢ < 2 we have

N

/ en (D dy </ en (7= daH—Z/ en D dy
DNCgyae Dpg j=1 By (y;)NDNT g4.2¢
< Cer==a=%) + N eh (T dy
By, (y+)NDNT g4 2¢

for some y. € {y;}}_, and r, € {r;}}_, such that

(-1 9(r_1
/ eh™Ddy = max / enT"adz | .
By, (y«)NDNCq 2 =l N r; (¥)NDAC 410

Moreover, we can compute more finely that

1
/ en T dy
r*( * ﬂDﬁFd+25

9(r_1
/ en T dy + /
Br, (y+)NDNlq4. Br, (y«)NDN(Lay2e\Lare)

q

/ i @) dy + Cer e —d),
By, (y+)NDMTgy .

Therefore by combining the above inequalities, we have

IN

/ eh~Ddr < C / eh(™ddxy
Dﬂl—‘d+25 Br* (y*)mDﬂFd+€

_|_Ceh d+a 2 —|-Ceh se=g 5/)
Set

q

9(r_1
Agin ::/ enT"adz,
By, (y+)NDT 4.

Now we come back to (4.3), from Lemma 3.1 we have for 0 < h < 1

1 2
E(fyn) > C {/ Hollb €(Pa,n) — E(V Pan)la| dr— HwhH?{l(Q)}
D

I

- kQHWd,h”%Q(Q)

1 2
>C (/ HolD €(Pa,n) — §(V “Pan)l2 dx)
D

I

(4.16)

2.1 _ 1
(1 e @re—a)
>< —_
fD #O/im }6(pd7h) - %(V : pd,h)]2|2 dx

dehHL2 Q)
_ i '
Jp e le(Pan) = 5(V - pan)lo| dx
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In the following we estimate each term separately.

First, by Lemma 4.3 we can compute

Io &u@ |€(pd,h) - %(V : pd,h)[2‘2 dz

de,hH%Q(Q)

(4.17)

for o < q¢ < 2.

Now we need to compute A, carefully. Fory, € £/, N dD, we consider
the following change of coordinates as in [13]. First, let T be the composition
of the following two rigid motions: i) translate y, to the origin, and ii) rotate
so that the unit inward normal of 7(I';/s,) at the origin is the vector (0,1)7.
Then set z = (21(x), 22(x))T = T(x) and &€ = (&1(2), &2(2))T = Z(z), where

=(z) = < H(T12) s, ) |

Then Zo T gives a C? diffeomorphism in a neighborhood Uy, of y.. Geomet-
rically, under the transformation = o 7 the point y, becomes the origin of the
new frame (§1,&)7, &-axis coincides with the curve ¢;/5,, and the positive
direction of &y-axis coincides with the unit inward normal of 7(I'y/,,) at y..

We do the above change of coordinates, then we have Zo 7 (y,) = 0 and

Cenls—a) / en2dg
Z0T (Bry, (y+)NDNT g4¢)

< Apa < Ceted) ([ etedg ) .
HoT (Bry (y+)NDNT g4)

Since 0D is continuous, = o 7(9D) is also continuous and is able to be
parametrized by a continuous function near §& = 0 under a suitable rotation.
So, we consider a rotation 7 with 7’(5) € = (£1,5)7 such that T (20T (D))
can be parametrized by f.(&) near € = 0 with f,(0) = 0.

(4.18)

Actually, we can choose T such that
€ = (sinf)&; + (cosB)E, with |6 < g,

because Zo T (D) C {{& < 0} and D is open. Let a = sinf and b = cos¥b,
then b > 0. Without loss of generality, we assume 7 (Z o 7(9D)) can be
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parametrized by fu(&) in & < diam(T(Z o T(B,.(y.) N D NT4))). Set
U=TEoT(B,(y:-)NDNT4.)).

Here we note that f, is continuous in U since we assume 0D has continuous

boundary, and U C {a&; + b€, < 0} since Zo T(D) C {& < 0}.

Now it’s easy to see that there exist positive constants d1, ds, §], 05 independent
of h with d5 < 05 such that

fe(&1) "
/ / eh Gf1+b§2)d€

EoT (Br, (y+)NDNLg4¢)
< (&1)
/ / el a§1+b§2)d€
6/
f*(£1 q g ~
/ / en a£1+b§2 dﬁ +/ / % a§1+b§2)d€.

Since U C {a&; + b€y < 0},
<) <36 i U

Therefore, we can compute directly and obtain that

f(€1)
/ / % a§1+b§2)d€

< / ené2dg (4.19)
ZoT (Br, (y+)NDNL g4)

fe(&r)
/ / o (a€1+bé2) dé + (07 4 01)(05 — 02).

In order to make the computation clear, we set

F+(&) .
q*h—/ / e (a611082) Ig (4.20)

By combining (4.17), (4.18) and 4 (4.19), we have

Io Rl le(Pan) — 3(V - pd,h)[2‘2 dx

||Wd,h||2L2(Q)
6%(8*—5)327*7’1(0 o C,hQ)
e%(s*—é)(Bq,*,h + O)2/a + e T—1) | 2 d-d)
B2,*,h(c — ChQ)
(Bgup)?1 4 C + i) 4 o2 (-0

e (4.21)

=C
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Now we compute B, ., more carefully We note that since f, is continuous
near £ = 0, for all 0 < 0 < min(ds,

S«—712,0'), there exists 0 < 67 < min(dy, 07)
such that 3 3 .
£ (&) = | fu(&) = f(0)] <6, V& € (=07, dY).
Therefore,
f+(&1) g s~ N
Bq,*,h Z/ / ehb£2d§2 d§1
5// 62
6” h q 3
6//
> / ' eh ﬁ <€7%6 — 67%62> dél
5 qb
h

6// _ B
(] — R G2 5))/1(32&61‘1&'
0

qb
Then for 0 < h < 1, we obtain the following estimate
h _q
Byun > C%e nto (4.22)
for all 0 < § < min(dy, s*—d%E, ¢’) and for some C' independent of h. Moreover,

we observe that for 0 < h <« 1
< C’h_leQ(d+s $x+9)

and

e h
< Ch eh 5/+6)
2.%,h

Then (4.21) becomes the following estimate
2
Jo "= Nean) = 5(V-Pan) Lol dz By,
||Wd,h||%2(§z) T (Bgan)¥

forgp<¢g<2and 0 < h < 1.

Actually, we can directly compute and use the Holder inequality to obtain that
for go < ¢ <2,

2/q
2/ Yo Mm@ ) 4o
(Bgan)™? = en®st — <eh &) eTn 2) d&;

& qb

B\ 21 851 B } ) 3 2/q
= <_> / e 19617 0f+(&1) (1 _ e—%b(62+f*(£1))> dé,
qb -8

2/qa s B B .
<C ( h) / ' 26 200 (&) (1- ezb<62+f*<sl>>)2/q i,
qb -5
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Since 0, + f.(&1) > 0 for & € [—8],64], we have

0 < e bR <
and therefore for g < 2

(6244 (61))

;*\m

(1 _ 6—2(62+f*(£1))>2/q <l-—e"

Hence we obtain for ¢ < ¢ < 2

h 2/q 6 o~ o - 2 - -
(B *h)Q/q <C ( b) / en 1 o7 0f< (&) <1 _ 6—3(52+f*(€1))> dé,
q _

- 2b f+(&) o 2(a61+b6)

() () [ ) e
h 2b

_C(¢> (h>B%m

and then the most difficult part of the proof of Theorem 4.1 can be concluded
that for 0 < h < 1and ¢y < ¢ < 2

fD ”O,TD ‘E(pd,h) — %(V . pd7h)12|2 dx

de,h ”%2(9)

> Ch' ", (4.23)

for some constant C' independent of A.
Back to (4.16), by (4.23) we have for 0 < h < 1 and ¢y < ¢ < 2

1 2
E(fyn) > C / Hollp €(Pap) — =(V - pan)ls| dx
D M 2
211 (4.24)
_ € : g (2-1)
X(l Holp — YV - pan)b|*d " )
Jp P2 |e(Pan) = 5(V - pan) 2| dx
By direct computation we have
6%(dis_%) 2( 5)
LOKD 1 ] ]’ 2d S Ceh d+e
Ip 22 |e(pan) — 5(V - pan) o] da
therefore
eh(dis é)
=o(1). (4.25)




Hence by using Lemma 4.3 and by computing directly from (4.24) and (4.25),
we have for 0 < h < 1

|E(£2)] > Ch %Ay, > Ch™ier 2B, , . (4.26)

Therefore by (4.22), for all 0 < § < min(da, s —
have

Ti=.0") and for 0 < h < 1 we

|E(£4,)] > Ch™3en(s—a=9), (4.27)

for some constant C' independent of h. Choose ¢ such that § < s*—é, then
the proof of (B) is complete.

For case (ii) of (4.1), instead of using (4.3), we shall consider the negative of
(4.2):

—E(fy) > / —(Ap + pp)|V - U-o,d,h’2d$6

D

—Q/ND
D

And a similar argument will also give (4.27).

1 2
6(uO,al,h) - §(V . uO,d,h)IQ

dx—/kQ\Wd7h|2da:.
Q

As in (B), we will only prove case (i) of (4.1) by (4.3), and case (ii) of (4.1) can
be treated similarly by using the negative of (4.2). Suppose that DNI'g # () and
D has C* boundary. Since DNTy # 0, s, > £ > 21 and K = DNy, # 0.

In fact, we have proved in (B) that s*—d%e > 0 and continuity of 0D ensure
(4.23) holds. So (4.23) also holds under this assumption of (B’) and therefore
(4.26) also holds.

However, since D has C%* boundary, we have the better estimate than (4.22).
Without loss of generality, we assume f,(&1) is NCO’O‘ for & € [—4d1,0]]. Then
there exists a positive constant L such that for & € [—0 — 1, 61]

€D = 1fu&) = £(0)] < LIG "
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Therefore we can compute directly as follows:

Bo,h = / / e a£1+b52)d€
fe(&1) I B
21/ e /1 W& dé, | dé,
—& —82
O sz h 2b —2b5, -
= / 6751 <6hf*(£1) —e ) d£1
BT
h 0 2 2a7 —2b5y ~
> / h(a& bLIEL|®) _ enllen d&,
— 20\ J_

5/
0

Without loss of generality, we assume that 0 < §; < 1. Since 0 < o < 1, we
have

6, nd agied ~ 5, adie ~
/ 1 o (@61 +DLE )d& > / 1 o T (a+bD)E dé,
0 0
5]

_ hé /hl/a 672(a+bL)£~1ad€~1.
0

Then by computing directly, we have

5/

0 Lt
BQ,*, > ﬁ hé /hl/a 6—2(a+bL)£~1ad§1 _ he%(b / g e—Zagldgl
0 0

b=
Since
o
1/
/h 2(a+bL)& " g, — / 2(a+bL)E} dé <oco as h—0F
0
and 5 o . o
/ e 21 ¢, _>/ e 2%1de < oo as h— 0T,
0 0
we have

By,p > Ch'ts for 0<h< 1.
Then by (4.26)

Bl1) > Cobt-Dhthith = bt hp-ast

for each 0 < h < 1. If a > %, then even when s, =2, |E(fy)| tends to infinity
as h tends to zero.

[
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