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ON CREPANT RESOLUTION OF SOME HYPERSURFACE
SINGULARITIES AND A CRITERION FOR UFD

HUI-WEN LIN

ABSTRACT. In this article, we find some diagonal hypersurfaces that admit
crepant resolutions. We also give a criterion for unique factorization domains.

1. INTRODUCTION

Let X be a normal complex algebraic variety which is Q-Gorenstein, namely,
a (non-zero) integer multiple of the canonical divisor Kx of X gives rise to a line
bundle on X. We say that X has a projective crepant resolution if there exists a
projective birational morphism ¢ : Y — X such that Y is smooth and Ky = ¢* K.
This is a special type of canonical singularity, studied in minimal model theory,
which also plays an important role in recent research in the theory of Calabi-Yau
manifolds.

In the two dimensional case, singularities admitting projective crepant resolu-
tions are exactly canonical singularities, and have been studied extensively for a
long time. They are isolated quotient singularities X = C?/G with G C SL(2,C)
a finite subgroup (so-called Kleinian singularities). They can also be represented
as hypersurfaces in C? through explicit A-D-E equations:

A, o XP4Y24 27 =0, n>1,;
D, : X?4Y?Z+4+27"1=0, n>4;
Es : X*’4+Y3+2'=0;
Er : X?’4+Y?*+YZ3=0;
Fs : X?’4+Y*+2Z5=0.

In the higher dimensional cases, the above two descriptions give rise to two dif-
ferent types of generalization. It has been proved recently by Roan [Ro] that C3/G
with G a finite subgroup of SL(3, C) always admits projective crepant resolutions.
However, it is a consequence of Schlessinger’s theorem [Sc| that if n > 3 then an
isolated quotient singularity C™/G (G a finite subgroup of SL(n, C)) is not smooth-
able, hence can never be a hypersurface singularity. Alternatively, this follows from
the fact that such a quotient singularity C™/G is a hypersurface singularity if and
only if the singular locus is of codimension 2 (Kac-Watanabe [KaW]), so the sin-
gularity is never isolated.
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In fact, in dimension three, the structure of canonical singularities has been
well understood since the 80’s, through work of Reid, Kawamata and Kollar. We
surmarize some of their results in the following statement:

Theorem 1. Let X be a three dimensional algebraic variety with at most canonical
singularities. Then

1. “Terminalization” [Re2l Main Theorem]: there exists a projective crepant par-
tial resolution Y — X such that Y has at most terminal sigularities. More-
over,

2. “Q-factorialization” [Ka, Corollary 5.4]: Y can be choosen to be Q-factorial,
possibly by a further projective small resolution.

3. “Quasi-uniqueness” [Kol Corollary 4.11]: Y may not be unique, but any two
such Y ’s admit the same finite set of germs of isolated singularities.

In this note we consider hypersurfaces X C C"*! with an isolated singularity
0 € X defined by

(11) f(x(), A ,q,‘n) = 1‘80 + .- _‘_x;@ln — 0,

where a; > 2. Our goal is to find examples of a;’s so that X admits crepant
resolutions. To get a better idea of the problem, we recall another theorem of Reid
[ReTl, Proposition 4.3] which is valid for arbitrary dimension n:

Theorem 2. Let X be the hypersurface given by (1.1). Then

1
1. X has at most canonical singularities if and only if Z — >1. And
a;

2. X has at most terminal singularities if and only if Z 1 >14+ —.
a; lLem.{a;}

In dimension three, our strategy goes in the following way. By Theorem 1,
one should first find the crepant partial resolution ¢ : ¥ — X. This step is not
hard to do directly, we simply follow the method of Reid [Rel] via toric (weighted)
blow-ups (see §§3, 4). Then we use a monodromy technique of Milnor [Mil] to
test the analytical Q-factoriality of Y (see §2). Since analytical factoriality implies
factoriality, this may also be used for algebraic purposes.

In good cases the Y constructed is already Q-factorial; then Theorem 1.3 shows
that X has crepant resolutions only if Y is smooth. In the bad case, namely if
the obtained Y is not Q-factorial, then we need to perform the small resolution in
Theorem 1.2. This step is much harder and will not be considered in this note, but
we wish to come back to it in a later work.

We summarize our results in the following:

Theorem A. Let X = {z € C*f(z) = 0} be a three dimensional hypersurface.
Then:

1. For f = 23 + 23 + 3 + 2%, X has a projective crepant resolution if and only
if k=0,1 (mod 3).

2. For f = 23 + o1 + 23 + 2%, X has a projective crepant resolution if k = 0, 1
(mod 4), and X has no projective crepant resolution if k = —1 (mod 4).

3. For f = 2% + 23 + 25 + 2%, X has a projective crepant resolution if k = 0, 1
(mod 6), and X has no projective crepant resolution if k = —1 (mod 6).

For higher dimensional cases X = {x € C" Y| f(x) = 0}, we have
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4. For f =al +a +---+a"_; + 2k, X has a projective crepant resolution if
k=0,1 (mod n), and X has no projective crepant resolution if 1 < k < n.

Theorem B. Let f = z2° + 2% + 25 + 25*, A = Clxo, ..., z3]/(f) and A =
Cllzo, ... ,z3]]/(f). Then A is an UFD if and only if A is an UFD. Moreover, if

Z — > 1 (that is, the hypersurface f = 0 has only canonical singularities), then
@

to bez(m UFD is equivalent to the non-existence of integers n;, 1 < n; < a; — 1,
i=20,...,3 such that
(1.2) )

ao ai a2 as

The first statement in Theorem B is due to Flenner [Fl, (4.5) Satz]. But our
criterion (1.2) seems to be new. We would like to remark that Theorem B holds
true for dimension > 4 (with the same f); however, this is a simple consequence of
Grothendieck’s result (see Proposition 3.2).

The author would like to thank C.-L. Wang for pointing out to her the relation
between factoriality and the monodromy argument in Milnor’s book [Mi]. She also
wants to give special thanks to the referee, who provided valuable suggestions to
make the paper more clear and organized.

2. MONODROMY AND FACTORIALITY

In this section we will prove Theorem B, which in turn will be used to prove
Theorem A in later sections.

A normal algebraic variety X is called factorial (resp. analytically factorial) if
all its local rings (resp. completion of local rings) are factorial, that is, UFD’s.
Geometrically X being factorial means that any Weil divisor of X is Cartier. In
general, analytical factoriality implies factoriality (due to Mori, see e.g. [Fl, (1.2)
Lemmal), but not the converse (see for example [Sal p.41 Corollary 2]). Also we
say that X is Q-factorial if every Weil divisor of X is a Q-Cartier divisor. When
(0 € X) is a germ of an isolated singular point, X is analytically factorial (resp.
Q-factorial) if and only if Pic(X — 0) is zero (resp. torsion).

Let X = {z € C""!|f(z) = 0} (n > 3) be a hypersurface with an isolated
singular point at 0, and S a sphere of small radius centered at 0. Then K := SNX
is a differentiable manifold of real dimension 2n — 1. In [Mi], Milnor constructed a
fibration over the unit circle S (we follow closely the notation there)

(2.1) P:S-K— 8" z— /(@)

|f ()|
such that K is the common boundary of each fiber Fp := ®~1(0). Let F be a fixed
reference fiber and h : F — F the monodromy mapping around the circle. Milnor
showed that K is (n — 2)-connected and F' has the homotopy type of n-dimensional
spheres with one point in each sphere identified together. Hence H;(F’;Z) is non-
trivial only when i = 0 or n and H,,(F;Z) is a free abelian group. He then showed
the following exact sequence:

(2.2) H,(F;Z)" =% H,(F,Z) — H,(S — K;Z) — 0.
With these, we may deduce (cf. [Mi, Theorem 8.5]):

e st

Proposition 3. Assume that the hypersurface germ (0 € X) has only rational
singularities and has dimension n > 3. Then
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1. Every Q-Cartier divisor is automatically Cartier, and hence that Q-factoriality
1s equivalent to factoriality.

2. (Grothendieck) If n > 4 then X is analytically factorial at 0.

3. Ifn =3, X is analytically factorial if and only if det(I—h.) # 0 on H5(F;Z).

Proof. For isolated rational singularities, Flenner [Fl, (6.1) Satz] has shown that
(2.3) Pic(X —0) = H*(K; Z).

Since K is simply connected, the universal coefficient theorem shows that H?(K; Z)
>~ Hy(K;Z)* has no torsions. If D is a Weil divisor, then it defines an element [D]
in the local divisor class group Pic(X —0), and D is Cartier if and only if [D] = 0 in
Pic(X —0) since X is a contractible neighborhood of 0. Now if ¢D is Cartier, then
[¢D] = 0 in Pic(X — 0). This implies that [D] is torsion; hence by (2.3) [D] = 0.
That is, D is Cartier.

If n > 4, then K is (n — 2) > 2 connected; hence H*(K;Z) = 0 and X is
analytically factorial at 0.

For n = 3, by Poincaré duality Hy(K;Z) = H?(K;Z) and by Alexander duality
H3(K;Z) = H3(S — K;Z). Since torsions will be cancelled out after taking dual,
we find that X is factorial if and only if H5(S — K;Z) is a torsion group. By (2.2),
this is equivalent to I — h, inducing an isomorphism of Q-vector spaces. That is,
det(I — h.) #0. Q.E.D.

Proof of Theorem B. The statement that A is an UFD if and only if A is an UFD
is due to Flenner, so we will only prove the criterion (1.2). In case f is given by
(1.1), the formula for det(I — h.) has been determined by Brieskorn and Pham (see
[Mil, Theorem 9.1]):

(2.4) det(I—h.)= J] (1 —wo--ws).
wit=1,w;#1

A result due to Elkik and Flenner (see e.g. [Re3], [KMM]) says that canonical
singularities are all rational. So by assumption on f, X = Spec(A) is rational.
Proposition 3.3 and (2.4) then imply that A is an UFD if and only if

(2.5) wo---ws # 1, Vw; #1, wi =1

Write w; = e2™V~17%/%; then it is clear that (2.5) is equivalent to (1.2), because

n n n n apg —n ap —n as — N az —n
(2.6) (—0+—1+—2+—3>+< LR 2T 3>=4,
ao a a2 as ao a az as

and each term in the LHS is an integer bigger than 1. Q.E.D.

Remark 4. In fact, rational Gorenstein singularities are exactly canonical singular-
ities of index one ([Re3], [KMM]).

3. STANDARD CREPANT BLow Up

In this section we prove part 1 and part 4 of the Main Theorem: let f = xf +
o4+ a2t +2F and X = {# € C"FYf(x) = 0} with & > n. In general, if
multo(X) = m then for ¢ : C**1 — C"* the blow-up at 0 with exceptional divisor
E we have

(3.1) K(:jn-*—l = ¢*KC7L+1 + nE,



ON CREPANT RESOLUTION AND A CRITERION FOR UFD 1865

and if X’ is the proper transform of X in C"*! then, as pull-back of Cartier divisors,
(3.2) ¢*X = X'+ mE.
Since C™*1 is smooth, X’ is Gorenstein and we may apply the adjunction formula
(3.3) Kxi = (Kgnm + X')|, and Kx = (Kgn + X)|
Putting these together, we get the canonical bundle formula for a single blow-up:
(34) Kx/ :¢*KX+(n—m)E|X/.
In our case m =n, so ¢ : X’ — X is a crepant blow-up.

Now let C"*! = (JI'_ U; with U; = C"*! affine charts, and let k > n.
Claim 5. X' is nonsingular on U; for ¢ # n. On U,, X' is a hypersurface with
equation g = yff +y + - +yn_y +yr " =0.

In fact, consider Uy with coordinates (yo, ... ,yn); then the morphism ¢ is given
by Zo = yo, £1 = YoY1,- .. ,&n = YoYn- SO

o fly) = f(o(y) = (Yo, Yoy1,--- »Yoyn)

(3.5) = Y8 FUEYE ot ugy Yoyl
=yo(L+ur+-+ur o +ue Yk =uggy).

The singular set is on the exceptional divisor £ N X’. On Uy it is given by 3o = 0
and ¢g(y) = 0. The singular set satisfies Dg = 0, that is,

(36)  Dg=((k—n)yo " tyn,myr .. nyn T kyg "y t) = 0.
This forces y; = -+- = yp—1 = 0 and Yoy, = 0. On such a set, g(y) = 1 # 0, hence
X'’ is nonsingular on it. Similarly X’ is nonsingular on U; for i # n.

Now consider U,, with coordinates (yo,...,¥yn). The morphism ¢ is now given

by o = Yn¥Y0, -+ s Tn—1 = YnYn—1,Tn = Yn. SO

" f(y) = F(oW) = fWnyo, - YnYn—1,Yn)
(3.7) = ynyl + YRy +
=yn(yl + -y oy = yng(y).
The claim is thus proved.

For the theorem, if £k = 0, 1 modn, then after a finite number of crepant blow-
ups we arrive at the case k = 0 or £k = 1. In both cases we get smooth varieties,
and hence we get the crepant resolution of X. For other cases, after a finite number
of crepant blow-ups we arrive at a hypersurface X’ when 1 < k < n. These are
i:n-i—|-1>1—|—l.

a; n k n

Consider first the case n = 3. Then k = 2, and there are no positive integer

solutions of

terminal singularities since E

1 a b ¢
. — 4+ -+ =+==2.
(3.8) 2+3+3+3

By Theorem B, X’ is factorial but singular. Hence by Theorem 1.3, X has no
crepant resolution.

Now assume that n > 4 and 1 < k < n. Then X' is factorial by Proposition
3.2. If there is a further projective small resolution ¢ : Y — X’  then there is a
nontrivial divisor D on Y with D.C' > 0 for some curve C' lying on a fiber of ¢. But
since 1 is an isomorphism in codimension one, D = *L for some Cartier divisor

L in X'. But then D.C = ¢*L.C = La)(C) =0, a contradiction. Q.E.D.
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Remark 6. This later argument only works for 1 < k < n, because of the non-
uniqueness of “Terminalization” and lack of a theorem like Kollar’s result in higher
dimensions.

4. WEIGHTED CREPANT BLow-UpP

In this section we prove part 2 and part 3 of the Main Theorem. Namely, we
consider the equation f = 22 +xf+ 24+ 25 or f = 22 + 23 + 2§+ 5. Since these are
double points, the standard blow-up at 0 is not a crepant blow-up. In fact it will
even create more complicated singularities (one dimensional or even non-normal).

In Reid’s process of terminalization [Rel], he introduced two more weighted blow-
ups to resolve the problem. Namely, he showed that for index one isolated canonical
singularities, one may achieve the terminal partial resolution by only three types
of (weighted) blow-ups: their weights are (1,1,1,1), (2,1,1,1) and (3,2,1,1). The
two equations we take here are the simplest ones that require weighted blow-ups.

Let X = {x € C""!|f(z) = 0}. For a general weight a, let ¢ : C*t1 — C+!
be the a-blow up at the point 0, and E its exceptional divisor. E is isomorphic to
the a-weighted projective space. We have the following well known computation
via toric geometry (cf. [Re3]):

(4.1) Kgnin = 0" Koo + (a(zomy -+ 2n) — 1) E,

and if X’ is the proper transform of X in C"*!, then, as pull-back of Cartier
divisors,

(4.2) "X =X"+a(f)E;

here a(f) = min{a(z")|z" a term in f} is the weighted multiplicity of f at 0.

Although C™*! is in general not smooth, it is Q-factorial. So we may still apply
the adjunction formula (in a suitable sense):

(4.3) Kxi = (Kgnin +X')|, and Kx = (Kgn + X)|
Putting these together, we get the canonical bundle formula for the a-blow-up:

(4.4) Kx = ¢"Kx + (a(zo @) — a(f) — 1) E|x.

In the two cases considered here one sees easily that ¢ : X’ — X is a crepant
blow-up.

Write o = (dy, ... ,d,). In terms of a-weighted homogeneous coordinates, £ =
P(do,...,d,) = C""!/ ~ with

(4.5) (Yo,...,Yn) ~ (A%Yy, ..., \%Y,), AeC*.
The standard chart V; := {Y; # 0} thus has the form
(4.6) (v, g vy, (i-th place), - -, Y YY),

with quasi-coordinates y; = }/;_dj/di}/}-, j # i. Notice that if d; # 1, then V; is in
general singular. ~
The corresponding chart U; of C™*! then has quasi-coordinates (yo, . . . , yn) With

yi = @, y; = Y, WYY § £ 0 From (4.5), € € "L x P(dy, ... ,dy) can
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be described as the set (x,Y") with x?j de"' = a:?"'Yid’, and we obtain the mapping
¢ : C"t1 — €™ on U in terms of coordinates:

T = Yi,
) vy =y Ny, A
Now let C* = U?:o U; and f = 23 + 23 + 25 + 2% with k£ > 6.

Claim 7. X' is nonsingular on U; for i # 3. On Us = C*, X’ is a hypersurface with

equation f = y2 +y$ + 95 + y§76'

In fact, on Uy with quasi-coordinates (yo, ... ,ys), the morphism ¢ is given by
2/3 1/3 1/3
To = Yo, 11 = Yy Y1, w2 = 4o o, 73 =y *ys. So
k/3
3 6" F(y) = F(o(v)) = v +v2u + v2vS + uo *vh
(4.8) k/3—2 1

=3 +yd+ oS+’ TYE) = udg(y).

The only singular point on Up is y = 0, which does not lie in X’ since g(0) =
1 # 0. Outside 0 we may regard 9y := y(l)/ % as a coordinate (locally), and an easy
calculation of Dg as in §3 shows that X’ is nonsingular on it. Similar calculation
shows also that X’ is nonsingular on U; for ¢ # 3.

Now consider Uz with coordinates (yo,...,ys3). The morphism ¢ is given by
To = Y30, T1 = Y3Y1, T2 = Y3y2,73 = y3. Notice that by (4.6) the chart Us is
isomorphic to C*. So

(4.9) " f(y) = f(ow) = vSud + vy + ySuS + vh

Y83 +y3 + S + 5 ) = ySa(y).

The claim is thus proved.

For the theorem, if K = 0, 1 mod 6, then after a finite number of crepant blow-ups
we arrive at the case k = 0 or £ = 1. In both cases we get smooth varieties, and
hence we get the crepant resolution of X. For other cases, after a finite number

of crepant blow-ups we arrive at a hypersurface X’ when 1 < k < 6. These are

. . ”» . 1 1 1 1 1 1
terminal singularities, since Z =3 + 3 + 5 + % > 1+ 5
i

By assumption, we have k = 5 (a cEg singularity), and it is easy to see that
there are no positive integer solutions of
1 a b ¢
(4.10) 2+3+6+5—2.
By Theorem B, X' is factorial but singular. Hence by Theorem 1.3, X has no
crepant resolutions.

The proof of the case f = x2 + 1 + x4 + 2% is entirely the same as the above.
We simply use weight (2,1,1,1) instead of (3,2,1,1). Then after a single (2,1,1,1)
weighted blow-up we find that X’ is nonsingular on U; for i # 3. On Us = C*,
X’ is a hypersurface with equation f = y2 + yi + y3 + y§_4. If £k =0, 1mod4,
then after a finite number of crepant blow-ups we arrive at smooth varieties. For
k = 3mod4 , after a finite number of crepant blow-ups we arrive at a hypersur-
face X' given by 32 + yi + y5 + y3 = 0. These are terminal singularities, since

1 1 1
Z " =3 + 1 + 1 + 3 >1+4 1 (In fact, it is a cEg singularity.)
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Now there are no positive integer solutions of

1 a b c
(4.11) —t+t—-—+-+-=2
2 4 4 3
So the theorem follows as before. Q.E.D.
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